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Abstract. We investigate the Bose-Einstein Condensation on nonhomoge- 
neous amenable networks for the model describing arrays of Josephson junc- 
tions. The resulting topological model, whose Hamiltonian is the pure hopping 
one given by the opposite of the adjacency operator, has also a mathematical 
interest in itself. We show that for the nonhomogeneous networks like the 
comb graphs, particles condensate in momentum and configuration space as 
well. In this case different properties of the network, of geometric and proba- 
bilistic nature, such as the volume growth, the shape of the ground state, and 
the transience, all play a role in the condensation phenomena. The situation 
is quite different for homogeneous networks where just one of these parame- 
ters, e.g. the volume growth, is enough to determine the appearance of the 
condensation. 



1. Introduction 

This paper is devoted to the analysis of thermodynamical states on complex 
networks with pure hopping Hamiltonian, in particular of those exhibiting Bose- 
Einstein condensation (BEC for short) . Here the network is described by an infinite 
topological graph, and the pure hopping Hamiltonian is given, up to an additive 
constant, by the non diagonal part of the combinatorial Laplace operator on the 
graph (the hopping part). 

The general setting considered here is that of Bosons on a lattice, described by 
Canonical Commutation Relations on a suitable dense subspace of £ 2 (VX), see 
[2, 3] for references. 

The study of BEC on infinite graphs with pure hopping Hamiltonian, in partic- 
ular for the so called comb graph (see fig. 1), started with a series of papers (cf. [4] 
and references therein) motivated by the relevance of the comb graphs in describing 
physical phenomena such as arrays of Josephson junctions, and then continued in 

As observed in [4] , the simultaneous choice of an inhomogeneous graph (the comb 
graph) and of the pure hopping Hamiltonian can produce the so called "hidden 
spectrum" , namely the emergence, in the infinite volume limit, of an interval at the 
bottom of the spectrum of the Hamiltonian, on which the corresponding spectral 
measure vanishes. 
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Figure 1. Comb graph. 

Since the critical density may be seen as an integral, w.r.t. this measure, of a 
function with a divergence at the bottom of the spectrum, the presence of hidden 
spectrum immediately implies the finiteness of the critical density, even at low 
dimensions. 

Indeed, one of the main observations of this paper concerns the decoupling, in 
our setting, of a series of features which equivalently characterize BEC above the 
critical density for homogeneous graphs with free Hamiltonian. 

For periodic graphs indeed, the appearance of BEC is determined by the finite- 
ness of the critical density. If this happens, in order to obtain a thermodynamical 
state with non-trivial condensate, one should choose the chemical potential fj,\ n for 
the cut-off region A„ so to keep the density constant and above the critical density. 

For inhomogeneous graphs with pure hopping Hamiltonian the finiteness of the 
critical density is neither necessary nor sufficient for the existence of a thermody- 
namic limit with BEC. 

Comb graphs for example have finite critical density also at low dimensions, 
however this does not imply the existence of locally normal thermodynamical states 
exhibiting BEC. This is because such finiteness is due to the presence of hidden 
spectrum, instead of to the integrability of the divergence at the bottom of the 
spectrum. 

On the other hand, one can prove (cf. [6]) that for the graph N a thermodynam- 
ical state with BEC exists, despite of the infinite critical density. 

Moreover, higher-dimensional combs admit BEC, but the threshold dimension is 
not given by the growth of the volume, but by the growth of the Perron-Frobenius 
vector. Such threshold dimension also plays a role in the choice of the sequence 
{^A„} of the finite volume chemical potentials which gives rise to locally normal 
states with BEC. 

Apparently, the notion which is still capable of determining the existence of BEC 
is that of transience of the Hamiltonian operator. 

The class of graphs that we analyze in the paper consists of zero density per- 
turbations of T-periodic graphs with finite quotients, T being a discrete amenable 
group. We equip any such graph X = (V, E) with a C*-algebra of operators on 
1 2 {VX), containing in particular T-invariant operators with finite propagation, and 
endow the algebra with a finite trace r. This trace, composed with the spectral pro- 
jections of the Hamiltonian, produces the spectral measure at the infinite volume 
limit. Therefore the presence of hidden spectrum may be seen as a consequence of 
the non faithfulness of the GNS representation associated with the trace r. 
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A relevant notion in this paper is that of generalized Perron-Frobenius eigen- 
vector, namely a (not necessarily £ 2 ) vector with positive entries on VX which is 
an eigenvector of the adjacency operator A, with eigenvalue \\A\\. For the pure 
hopping Hamiltonian indeed, this vector describes the minimal energy, hence the 
Bose-Einstein condensate. 

Another main technical issue studied in this paper is how small perturbations of 
periodic graphs modify the behavior under the thermodynamical limit. As a main 
tool, we prove what we call the secular equation, which relates the resolvent of the 
adjacency operator of a perturbed graph with that of the unperturbed one. 

As a first byproduct we may prove the existence of hidden spectrum, and hence 
of finite critical density, for a large class of examples. Finally, we can completely 
analyze the thermodynamical limit for the comb graph Z d H Z, showing that locally 
normal KMS states at the critical density may appear exactly when d > 3. 

In particular, we show that for the low dimensional combs, it is impossible to 
exhibit infinite volume states describing a portion of Bose-Einstein condensate hav- 
ing a correct local meaning. This happens since the adjacency matrix is recurrent, 
and we can exhibit a unique KMS state for a given inverse temperature /?, which 
is non normal w.r.t. the Fock state. In addition, the thermodynamic limit with 
constant density does not describe Bose-Einstein condensate even in the transient 
case, i.e. for the comb graphs Z d H Z, d > 3. Such a condensate exists only at the 
critical density, and is obtained with a carefully chosen asymptotics of the chemical 
potentials for the finite volume approximations. 

To end the present introduction, we recall that the comb graphs considered 
here are a particular case of the graphs obtained via the comb product, and that, 
as studied in [1, 8] and references therein, there is a correspondence between the 
notion of classical, resp. monotone, resp. Boolean, resp. free independence, and 
the notion of tensor, resp. comb, resp. star, resp. free, product of graphs. 



A simple graph X = (VX, EX) is a collection VX of objects, called vertices, 
and a collection EX of unordered pairs of distinct vertices, called edges. The edge 
e = {u, v} is said to join the vertices u,v, while u and v arc said to be adjacent, 
which is denoted u <~ v. 

Let us denote by A = [A(v, w)], v, w e VX, the adjacency matrix of X, that is, 



and observe that, given VX, assigning EX is equivalent to assigning A, that is the 
geometrical properties of X can be expressed in terms of A. For example, a graph 
is connected, namely any two vertices are joined by a path, is equivalent to the 
irreducibility of the matrix A, the degree deg(u) of a vertex v, namely the number 
of vertices adjacent to v, is equal to (v, A* Av) and, setting d := swp veVX deg(w), 
we have \fd < \\A\\ < d, namely A is bounded if and only if X has bounded degree. 
We denote by D = [D(v, w)\ the degree matrix of X, that is, 



2. Geometrical Preliminaries 




otherwise. 
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The Laplacian on the graph is A = D — A, so that (Af)(v) = J2 w ~v(f( w ) ~ f( v ))> 
for any / G £ 2 {VX),v eVX. 1 

Assume now the simple graph X to be countable and with bounded degree. In 
the present paper we only deal with bounded operators acting on £ 2 (VX), if it is 
not otherwise specified. 

Definition 2.1. Let X be a countably infinite graph. An increasing exhaustion 
{K n : n G N} of finite subgraphs of X is called an amenable exhaustion of X if, 

setting '3K n := {v e VK n : d(v, VX \ VK n ) = 1}, then lim |^§4 = °- 

n— >oo \VK n \ 

X is called an amenable graph if it possesses an amenable exhaustion. 

We say that an operator A acting on £ 2 (VX) has finite propagation if there exists 
a constant r = r(A) > such that, for any »el, the support of Av is contained in 
the (closed) ball B(v,r) centered in x and with radius r. It is not difficult to show 
that finite propagation operators form a *-algebra, and we denote by App(X) the 
generated C*-algebra. We say that a positive operator T G App(X) is essentially 
zero if lim n ^ K y = 0, where P n is the orthogonal projection onto the space 
generated by the vertices of K n in £ 2 (VX). 

Proposition 2.2. Essentially zero operators form the positive part of a closed two- 
sided ideal 3{X) of Afp(X). 

Proof. They clearly form a hereditary closed cone. We have to show that such cone 
is unitary invariant. Indeed, if B has finite propagation r, P n B = P n BP n (r), 
where P n {r) denotes the projection on the space generated by the vertices in 
U V £vk„B(v, r). Therefore 

Tr(B*TBP n ) =Tr(B*P n {r)TP n (r)BP n ) < \\B\\ 2 Tr(P n (r)TP n (r)) 
< \\B\\ 2 Tr(P n TP n ) + 2\\B\\ 2 \\T\\Tr(P n (r) - P n ). 

Moreover, Tr(P n (r) — P„) can be estimated by the cardinality of U ve ^K n B(v,r), 
hence by \3 r K n \d r+1 . Regularity of the exhaustion implies lim„ Tr ^^ P "- ) = 0, 
namely B*TB is essentially zero. Since the cone is closed, we get the invariance for 
unitaries in Afp(X). □ 

Our first class of amenable graphs is given by the periodic ones. Let L be a 
countable discrete subgroup of automorphisms of X acting freely on X (i.e. any 
7 G r, 7 7^ id doesn't have fixed points), and with finite quotient B := X/T. 
Denote by F C VX a set of representatives for VX/T, the vertices of the quotient 
graph B. F is called a fundamental domain for the periodic network X. 

Let us define a unitary representation of T on £ 2 (VX) by (X(j)f)(x) := f(^ 1 x) : 
for 7 G T, / G £ 2 (VX), x G V(X). Then the von Neumann algebra 7i(X, T) := 
{A(7) : 7 G r}', of bounded operators on £ 2 (VX) commuting with the action of V, 
inherits a trace given by Tr T (T) = 2 ieF T(i,i), for T G X(X,T). Clearly A, D 
and A belong to N(X,T). The following theorem is known, see e.g. [7], Theorem 
6.2 for a proof. 



The definition used here implies A > 0, and differs from the standard one adopted in the 
physics literature. 
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Theorem 2.3. Let X be a connected, countably infinite graph, T be a countable 
discrete amenable subgroup of automorphisms of X which acts on X freely and 
co finitely. Then X is an amenable graph, and K n can be chosen in such a way 
that, for a suitable choice of a sequence E n C T, V(K n \ JK n ) C E n F C V(K n ), 
namely K n is the finite union of copies of F up to "JK n . 

Let us now introduce finite propagation operators, and extend the previously 
defined trace. 

We first notice that, denoting by P n the projection on £ 2 (VK n ), Trr(T) = 
lim„ ^0j£-y , for any T € T). Indeed, by the properties above, the difference 
between the generic term of the sequence and Trr(T) is infinitesimal. 

Next Corollary immediately follows, cf. [13], Corollary 1.5.8. 

Corollary 2.4. Let us denote by A(X) the space (Ji(X,T) n A FP {X)) + 3{X). 
Then, A{X) is a C -algebra to which the trace Tr r naturally extends. 

Remark 2.5. All finite rank operators, and hence all compact operators, are essen- 
tially zero. The trace Tr r is faithful on N(X, L), but it is not faithful on A(X), in 
particular it vanishes on compact operators. 

Now we discuss small perturbations of amenable periodic graphs. If Y is a finite 
perturbation of an amenable periodic graph X, namely they only differ for a finite 
number of points and edges, we can consider both of them as subgraphs of a third 
graph Z, X and Y being obtained by removing finitely many vertices and finitely 
many edges from Z. It is not difficult to sec that the exhaustion K n of X can be 
finitely perturbed to a regular exhaustion K' n of Z, and that N(X, V) is a (possibly 
non unital) subalgebra of B(£ 2 (VZ)). 

Reasoning as before, we can consider the unital C*-algebra A(Z) = {H{X, V) n 
Afp(Z)^+'J(Z), to which the trace Trr naturally extends. Since the adjacency oper- 
ators Ax and Ay only differ for a finite rank operator, Ay € A(Z), and Trr(A x ) = 
Trr(A Y ). More generally, for any continuous function (p on M, Trr((p(Ax)) = 
Trr(<p(A Y )). This kind of invariance extends to a more general family of small 
perturbations, which we call density zero perturbations. 

For the sake of simplicity, the result below concerns (possibly infinite) perturba- 
tions involving only edges. Of course, further finite perturbations can be treated 
as explained above. The general case of density zero perturbations, studied in [6], 
can be recovered following the same lines. 

Definition 2.6. Let X be an amenable periodic graph, with exhaustion K n , and 
consider a graph Y such that VX = VY, so that A x and Ay both act on the 
same Hilbcrt space £ 2 (VX). We say that Y is a density zero perturbation of X if 
A x — A Y is essentially zero. In this case, Y is also said to be an essentially periodic 
graph. 

Proposition 2.7. Let X be an amenable periodic graph, with exhaustion K n , and 
let Y be a graph with the same vertices as X. Then Y is a density zero perturbation 
of X if and only if 

, \(EXAEY)nEK n \ 
lim^ — J- ^ = 0, 

n \VK n \ 

where EXAEY denotes the symmetric difference. In this case, for any continuous 
function ip on M, 

(2.1) Tr T {<p{A x )) = Tr T { v {A Y )) . 
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Tr((A X - A Y fP n ) 

Proof. Clearly Ax — Ay is essentially zero iff lim : : =0. A 

n \VK n \ 

simple calculation shows that (v, (Ax — Ay) 2 v) = \{e E EXAEY : v E e}\. As a 
consequence, since edges for which both vertices are in K n should be counted twice, 

\(EXAEY) n EK n \ < Tr((A x - A Y fP n ) < 2\(EXAEY) n EK n \. 

The thesis follows. Concerning the last equality, setting T = A Y — A x E 3(A), we 
have A Y - A\ = (A x + T) n — A x e 3(X), namely (2.1) holds for ip(t) = t n . So 
the claim is true for any polynomial, and then, using Weierstrass density theorem, 
for any continuous function. □ 

Remark 2.8. We note that for an essentially periodic graph X the C*-algebra C(A), 
and the trace on it, depend in principle on the exhaustion. However, previous 
Proposition implies that on geometric operators, such as the adjacency A and its 
continuous functional calculi, the value of the trace is uniquely determined. 

3. Statistical mechanics on amenable graphs 

The main aim of the present paper is to investigate in full generality the ther- 
modynamics of free Bosons (Baarden-Cooper pairs) on inhomogeneous networks 
with pure hopping Hamiltonian (i.e. the opposite of the adjacency matrix on the 
graph). Thus for the convenience of the reader, we report some standard notions 
useful in the sequel. 

Let (21, a) be a dynamical system consisting of a (noncommutative) C* -algebra 
and a one parameter group of *-automorphism a. The state ui E §(21) satisfies the 
KMS boundary condition at inverse temperature /?, which we suppose to be always 
different from zero, if 

(i) 1 1 — ► u(Aa t (B)) is a continuous function for every A, B E 21, 

(ii) / u)(Aa t (B))f(t)dt = Juj(a t (B)A)f(t + i(3)dt whenever f eT>, where "~" 
stands for the Fourier transform. 

Here, D is the space of smooth compactly supported functions on R. 

The C* -algebras considered here are those arising from the Canonical Commu- 
tation Relations (CCR for short). Namely, let \) be a pre-Hilbert space and consider 
the following (formal) relations between the annihilators a(f), and creators a + (g), 

(3-1) a(f)a+(g)-a + (g)a(f) = (f,g). 

It is well-known that the relations (3.1) cannot be realized by bounded operators. 
A standard way to realize (3.1) is to look at the symmetric Fock space 5+(f)) on 
which the annihilators and creators naturally act as unbounded closed (mutually 
adjoint) operators. This concrete representation of the CCR is called the Fock 
representation. 

An equivalent description for the CCR is to put $(/) := a(f) + a + (/)/v / 2, and 
define the Weyl operators W(f) := expi4>(/). The Weyl operators are unitary and 
satisfy the rule 

(3.2) W(f)W(g)=e- iI ^ 1 W(f + g), f,gEt). 

The CCR algebra CCR(rj) is precisely the C*-algebra generated by {W(f)} / £ f,. 

Let H be a positive operator acting on f), and suppose that e ltH \\ C f). Then 
the one-parameter group of Bogoliubov automorphisms T t f := e itH f defines a 
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one-parameter group of *-automorphisms at of CCR(l)) by putting at(W(f)) := 
W(e ttH f). 

A representation tt of the CCR algebra CCR(()) is regular if the unitary group 
teln 7r(IF(i/)) is continuous in the strong operator topology, for any / el). 
A state <p on CCR(f)) is regular if the associated GNS representation is regular. It 
simply means that the functions {ip(W(tf))} are continuous, for any / £ i). The 
quasi-free states of CCR algebras are of interest for our purposes. They are analytic 
states lo uniquely determined by the two-point functions uj(a + (f)a(g)), \). 

Let X be an infinite graph, f) a subspace of £ 2 (X), which contains the indicator 
functions of all finite subregions A of the graph X. A representation 7r of the CCR 
algebra CCR(fj) is said to be locally normal (w.r.t. the Fock representation) if 
7r rccR(« 2 (A)) is quasi-equivalent to the Fock representation of CCR(^ 2 (A)). A state 
on CCR(l)) is locally normal if the associated GNS representation is. A locally 
normal state <p does have finite local density 

1 1 jeA 

even if the mean density might be infinite (e.g. if limAjx Pa(<p) = +oo). 

Lemma 3.1. // ip is locally normal, then <p\ ccr(i 2 (A)) * s regular for any finite 
subregion A. 

Proof. Since 7r v |~ccr(^ 2 (A)) is quasi equivalent to the Fock representation of CCR(£ 2 (A)), 
they are unitary equivalent up to multiplicity (cf. thm 2.4.26 [2]). The result follows 
since the Fock representation is regular. □ 

We now specialize to the following situation. Let A„ | X be a sequence of 
finite regions invading the graph X, together with a sequence of states {wa„} on 
CCR(^ 2 (A„)) such that the following limit 

limuj\ n (a + (v)a(vj) =: q(v) 

n 

exists (possibly +oo) for each v £ f). 
Lemma 3.2. Suppose that 

(3.3) limwA„(a + (^>(^)) = +oo 

n 

for some j £ X. Then u)(W(v)) := lim„ cja„ (W(v)) does not define any locally 
normal state on CCR(t)), where f) C £ 2 (X) is any subspace containing the finite 
supported sequences. 

Proof. Let j be contained in the finite region A. By Lemma 3.1, it is enough to 
show that uj\% a is not regular. We have (cf. [3], Example 5.2.18) 

/A 2 \ 
w{W{\5j)) = limwA n (W(A^)) = hmexpf -— w At »(a + (<5,>(<L)) ) =0. 

n n \ 2 / 

The thesis follows as lo cannot be regular. □ 

For equivalent characterizations of the KMS boundary condition and general 
results on the CCR the reader is referred to [3] and the references cited therein. 

In this work, we consider amenable graphs (also called amenable networks) 
which are essentially-periodic, namely finite or density-zero perturbations of pe- 
riodic graphs as described above. We assume a regular exhaustion {A„} is given, 
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and denote by t the canonical trace on A(X). We also denote with an abuse of 
notation, £ 2 (X) = £ 2 (VX) for the network X. In this section we shall introduce 
the main thermodynamic properties and quantities. 

Fix a positive operator H G A(X) (the Hamiltonian) and denote by Nh its 
integrated density of states, (see e.g. [12]) that is Nh(X) := t(E[0,X]), where 
H = J XdE(X) is the spectral decomposition of H. 

Let {i?A„} be its finite volume truncation w.r.t. the exhaustion {A„}, i.e. H\ n := 
P n HP n , and denote by A^ An (A) := j^Tr(E HAn [0, X}) = j^\{t G a(H An ) : t < X} 
Define 

(3.4) E (H) 
E m (H) 

Remark 3.3. 

(i) The limit in (3.4) exists as a consequence of Lemma 3.4. 

(ii) Because of Proposition 3.5, we have limA„|x ^H An — Nh, as distribution 
functions. 

(in) If A is the adjacency matrix of X, and H := \\A\\ — A, then Eq(H) = 
lim A „ TX || A|| - ||A A J| = 0, while E m (H) = \\A\\ - \\ir T (A)\\, where tt t is the GNS 
representation induced by r. Moreover, if X is a periodic graph, then it is shown 
in Theorem 5.2 that E m (H) = 0. 

Obviously, E (H) < E m (H). If E (H) < E m (H) we say that there is a (low 
energy) hidden spectrum, see e.g. [4]. For the infinite graphs below, we shall always 
assume E (H) = 0. 

Lemma 3.4. Let X be a countable graph, H <E CB(i? 2 (X)) a positive operator, and 
let Ai C A 2 be finite subgraphs of X . Then 

mincr(iJAi) > mincr(-ffA 2 ). 

Proof. Let A be the minimum eigenvalue of H\ 1 , and v the relative normalised 
eigenvector. Since v £ £ 2 (Ai), we have (v,Ha 2 v) — (v,H\^v) — A, that is 
A G {(w, Ha 2 w) : w G £ 2 (A2), \\w\\ = l}. Observe that this set is contained in 
conv (a(H^ 2 )), since, if H\ 2 = J XdE(X) is the spectral decomposition, we have 
(v, Ha 2 v) — J Xd{v, E(X)v), and the claim follows from the fact that d(v, E(X)v) is 
a probability measure on a(H\ 2 ). Finally, min<7(-ffA 2 ) = minconvCT(_ffA 2 ) < A = 
mincr(i?Ai)- □ 



[= A% ( infsu PP (^aJJ 

:= inf supp ( ^in^ ^H An ^ = inf supp (Nh) ■ 



Proposition 3.5. Let X be an essentially periodic graph with regular exhaustion 
{A„} ; H G A(X) a positive operator. Then, for any continuous function : 
[0, oo ) — ► C, we have 

(0 lin,^»). T( , m) , 

n^oo |A n | 

(ii) / (pdNn — lim / ^pdNH^ ■ 

J ^n]X J 

Proof. Let us denote by E n the orthogonal projection from £ 2 (X) onto £ 2 (A n ). 
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Observe that, for k > 2, 

Tr(E n H k E n ) = Tr(E n (H(E n + E^)) k E n 



fe-i 



= Tr{{E n HE n ) k ) + J2 Tr ( E " II ( HE n ) HE n) , 



<re{-i,i} fe_1 i =1 

^{1,1,...,!} 



where E„ 1 stands for E^r, and 



fe-1 



|Tr(£?„ IJ(^)^n)| = |Tr(...£7 n ff^...)| < ||H U^TrG^ffi^l). 

Now assume has propagation r. Then, 

= E n E{B r {VK c n ))HE^ = E(A n n B r (VA^))fT^, 

hence 

Tr(|E n ff££|) < |S r _!(JA n )| < ||*T|| |JA„|d fe -\ 
where d is the maximal degree of X. As a consequence we obtain 

' \Tr{E n H k E n ) -Tr{{E n HE n f)\ < (2d) k - 1 \\H\\ k ^p^- - 0. 



i a i ' \ ; ^-'VV ''- '''/ / —V / ia 

|A„|' v ; vv |A„| 

Setting r„ = p^-j-Tr, we have proved that lim n T n (E n p(H)E n ~ p(E n HE n )) = 
for any positive, finite propagation operator H in A(X). Since |r„(A)| < ||^4||, the 
result follows by Weierstrass density theorem and the definition ofA(X). □ 

Definition 3.6. Let H be a positive operator in A(X). Then, for any inverse 
temperature (3 > 0, and for any chemical potential fj, < 0, we define the density of 
H as 

(3-5) p g (/3,M) ■= J efKh - ll) _ 1 , 

and the critical density of as 

(3.6) p? ( /3):=/^= M /?,0). 

Let us recall that ff is called recurrent if the matrix elements (<J X , H~ 1 5 x ) are 
infinite, and transient if the matrix elements (<5 X , H~ 1 S X ) are finite. 

We say that BEC takes place for a given equilibrium state if a suitable portion 
of the particles occupies the lowest energy state. 

Remark 3.7. 

(i) It is also customary to fix the activity z := e^, instead of the chemical potential. 

(ii) If we choose H as the graph Laplacian, transience and recurrence have a prob- 
abilistic interpretation. In fact, (8 X , A -1 ^) = ^Z^-QPn{x, v)> wnere Pn( x i ?/) is the 
probability of passing from x to y in n steps, and the transition probability pi(x, y) 
is set to (degx)^ 1 if x and y are adjacent, and to otherwise. As a consequence, if 
the graph is connected, (6 X , A~ 1 5 x ) is finite for all x if and only if it is finite for a 
single x. Then transience corresponds to the following property of a random walk 
on X: the random walk starting at a point x returns almost surely to x infinitely 
many times. Conversely, a random walk is recurrent if the probability of starting 
at x and returning to x infinitely many times is zero. Interpreting a graph as an 
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electrical network, transience means that the resistance between a point and infinity 
is finite. For further results on transience and recurrence see e.g. [16] 
(Hi) For the standard homogeneous models investigated in literature (i.e. the sta- 
tistical mechanics of free Bosons on M. d (cf. [3]), or on lattices with period Z d (cf. 
[10] and the references cited therein)), 2 it is well-known that there exist equilibrium 
states exhibiting BEC if p^(0) < +oo. This is also known to be equivalent to the 
transience of the graph, or to the fact that the growth of the graph is greater than 
2. As we shall see in the following sections, for the nonhomogeneous models treated 
in the present paper new phenomena (as for example the lack of the local normality 
of the resulting state in the thermodynamical limit) can happen. 
(iv) Since we assumed H to be bounded, the critical density is finite, namely the 
integral (3.6) converges, iff 

(3.7) f ^<+oo. 

J[0,\\H\\] h 



In particular, hidden spectrum implies finite critical density. A large class of ex- 
amples of essentially periodic graphs exhibiting hidden spectrum will be described 
below. 

Now we recall how equilibrium states are usually constructed. Given a positive 
Hamiltonian H as above on the essentially periodic graph X, one fixes an inverse 
temperature > and a density of particles p, and determines the chemical po- 
tential p(A n ) such that 

PH An (0,V(K)) = P- 

To simplify the exposition, we suppose also that p(A n ) — > p, for some p e M, 
possibly by passing to a subsequence. We necessarily have p(A n ) < E (H^ n ). 
Since E (H An ) -> E Q (H) = 0, we get p < 0. 

The finite volume state with density p describing the Gibbs grand canonical 
ensemble in the volume A„ can be defined by the two-point function 

(3.8) WAn (a + (0a(»7)) = (v, (e^-^)D ^-i^ 

where £,r) € £ 2 (X). Thermodynamical states are then described as limits of the 
finite volume states above. 

Let us now study the behavior of the density in the infinite volume limit. 

Proposition 3.8. Let X be an essentially periodic graph with regular exhaustion 
{A n }, with positive Hamiltonian H e A(X), and assume Nh(0) = 0. Then, we 
have 

- m -± x - w —dN HA Jh)=p H (0,p), 
where f e is the continuous mollifier 

0, < x < e 
/_.[.>■) = {s=e, e<x<2e 

1 , 2e < x . 



2 As noticed in [4], the BEC behaviour of Z d -lattices only depends on d. This can be seen as 
the dispersion law p i— > eh (p) of a periodic Schrodinger operator H := A + V on K. d or a lattice, 
has the same asymptotics near as that of the Laplacian A, see e.g. [15]. 
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Proof. We compute 



< 



+ 



1 1 



e /3(fc-Ai(A„)) _ J e /3(h-A») - 1 



fe(h)dN H . (h) 



since e /3( fe -KA„))-i ^ ggT^T^T ' uniformly on the support of f e , and the second 
summand goes to zero because the finite volume sequences of traces converge to 
the infinite volume trace for fixed traceable operators, as follows from Proposition 
3.5 (ii). The proof follows as f e / 1 whenever e \ 0, essentially everywhere by 
taking into account that we assumed Nh(0) = 0. 3 □ 

Let us observe that the quantity 

/l f (^0 

is well-defined and independent of the particular choice of the mollifier f e whenever 
the last converges monotonically to X(o,+oo)- We have 

(3.9) p = n + p{[3, ft) . 

From now on, we suppose that the Hamiltonians H, H\ are those based on the 
adjacency matrix if it is not otherwise specified, and drop some subscripts. 

Proposition 3.9. Let X be an essentially periodic graph, with adjacency matrix 
A and H = \\A\\ — A. Then Nh(0) = 0, i.e. the integrated density of states is 
continuous in zero. 

Proof. Let us assume first that X is a periodic amenable graph. Then, if Nh(0) ^ 
0, the 0-eigenspace of H is non-trivial, namely there is an I 2 Perron-Frobenius 
eigenvector for A, which is necessarily unique. However, since H is G invariant, 
such vector is also periodic. This is absurd. 

Let now X be essentially periodic. If there is no hidden spectrum, then Nh(\) is 
the same as that of a periodic graph, hence the result follows from the previous 
case. On the other hand, hidden spectrum immediately implies Nh(0) — 0. □ 

Lemma 3.10. Let X be an essentially periodic graph with regular exhaustion {A„} ; 
A the adjacency matrix of X. Let {p n } C (— oo,0], p n — > p, and set H := {\\A\\ — 
H)I — A, and H n := (\\A\\ — p n )I — A\ n . Let ip : [0, oo) — > C be a continuous 
function. Then, for any £ E £ 2 (X), tp(H n )£ — » <p(H)£. 

Proof. Let x € VX; then, for n € N large enough, A\ n S x = AS X , so that Aa„^ = 
A£, for ^ G £ 2 (X) and with finite support. Let £ G £ 2 (X) be arbitrary, and, for any 
e > 0, let £ £ G £ 2 (X) and with finite support be such that ||£ — £ £ || < e. Then, for 
some n e G N, we have A^ £ e = A£ £ , for any n > n £ . Therefore, for n > n e we have 

\\AaJ-AC\\ < \\A A JZ-i e )\\M\A A M-Me\\M\MZ-Ze)\\ < nMU-teW < 2\\A\\e. 

Hence H n £ -» H£. 



3 Recall that fi = is allowed and describes the most interesting situation of the BEC regime, 
see below. 
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Therefore, for any k € N, — ► and the claim is true for any polynomial. 
Finally, let ip : [0, oo) — > C be a continuous function, and, for any e > 0, let p 
be a polynomial such that \\<p — p\\oo < £ - Then, for any £ <G ^ 2 (A), we have 

Mtf n )£-^(ff)£|| < || v (H n )f-p(ir n )^|| + ||p(ir n )e-p(H)f|| + |b(^- v (H)^|| < 

2||V-P||oo||^|| + \\p{H n )£ - p(H)£\\, from which the claim follows. □ 

Theorem 3.11. Let X be an essentially periodic graph with regular exhaustion 
{A„}, A the adjacency matrix of X , H := \\A\\ — A. Then 

(i) p < if and only if p < p c {/3), 

(ii) for any [3 > 0, p < 0, the sequence (3.8) converges pointwise to a state uj, 
whose two-point function is given by 

u ! (a+(Oa( V )) = ( V ,(e^ H -^-l)-^). 

Moreover, the density p(ui) of the state oj, defined by 

(3.10) p{u) := lim ±- £ w(a+ , 

A " TX |An| jeA n 

satisfies p(u>) — p(/3,p). 

{Hi) The transience of A is a necessary condition for the existence of locally normal 
states on CCR(f)) at or above the critical density, i.e. for p = 0. Here f) C £ 2 (X) 
is a subspace containing the functions with finite support. 

Proof. (i)( =>) If p(A n ) -» p < 0, we can suppose that z(A n ) = e f3 ^ A ^ <K<1 
for each n. We have 

whenever A n f X, and then e \ 0. Therefore, n = 0, so that p — p{/3,p) < 
p(J3,0) = p c (P). 

( <= ) Conversely, suppose that p < p c ((3) and p(A n ) — > 0. Then 

>p= / e ,(t; ( t ( ) ) ) _ 1 ^w+ / ^-mS-i ^w 

whenever A n | X, and then e \ 0. As this is impossible, we must have p < 0. 

(ii) The fact that cu An — > u> in the *-weak topology follows from H An — > _ff in the 
strong operator topology. Indeed, since H n —p{A n ) — > iJ— p strongly, it follows from 
Lemma 3.10 that ( e 0(#n-M(A„)) _ x)- 1 ^ ( e /3(tf-^) _ i)" 1 strongly [because /z < 
so that 1 ^ ^(e^-^)]. Therefore, for any jj e ^ 2 (A), we have w A „ (a+(Oo(»?)) = 
(»7, ( e /3(^n-^(A n )) _ ^ fa^H-p) _ i)- 1 ^) = w ( a +(^)a(iy)). Since the 

vector space V := span (a + (£)a(?7) : £,?7 G ^ 2 (A)} is dense in CCR, then wa„ is a 
Cauchy sequence in the weak* topology, so it converges. Indeed, for any T e CCR, 
e > 0, there is T £ e V such that ||T — T e || < e, so that, for any m, n large enough, 
\uo Am {T) - lo a JT)\ < \io Am (T) - uj Am (T e )\ + \uo Am {T e ) - u An (T s )\ + \u a JT £ ) - 
wa„(T)| <3e. 
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Finally, 

dN HAn (h) f dN H (h) 



e /3(h-n(A n )) _i J e J3(h-^) _ i 

as in the proof of Proposition 3.8, because 

1 1 



e f3(h-n(A n )) „ l e /3(h-v) _ 1 ' 

uniformly on [0, ||i?||], and the measures induced by the Nu An converge in the 
*-weak topology to that induced by Nh- 

(Hi) Indeed, the following limit should be finite: 

hm A lim (^,f £ (H n )(e^-^ l)^} 
= hm A lim <£, f e {H n )(e? H » - l)^) 

+ liffi lim (a e (if n )(( C « H »-"») - l)- 1 - (e^» - !)-». 

Since for \i n — > the second summand is zero, we need the finiteness of the first. 
By Proposition 3.10, 

lim HmJ^/^Xe^-irS) 
= ]im(t,f e (H)(e? H -l)- 1 ^) 
= (C,(e' 3ff -ir 1 r ? ). 

The finiteness of (^,(e^ H — when £,77 have finite support is exactly the 

transience of Ax ■ □ 

Remark 3.12. 

(i) Let us observe that n > if and only if p > p c {fi)- Indeed, by definition, 
n = whenever p < 0, hence n >0^>yu = 0. As a consequence, < n = 
p — p(fi, fi) = p — p c ((3), i.e. p > p c (f3)- Conversely, p > p c {P) implies p = 0, hence 
n o = P - P(P, M) = P ~ Pcifi) > 0. 

(ii) Observe that n > can be obtained only if p(A n ) — > 0. Indeed, p, = is a 
necessary condition for the occurrence of BEC. 

4. Some results on Perron-Frobenius eigenvectors 

Let X be a finite connected graph, A its adjacency matrix. By Perron-Frobenius 
Theorem there exists a unique eigenvector with eigenvalue ||^4|| , and it is the unique 
eigenvector having strictly positive entries. When X is infinite, the existence of a 
square summable Perron-Frobenius eigenvector is no longer guaranteed. If such 
vector exists is unique and has strictly positive entries. However, if X has bounded 
degree, the equation Av = \\A\\v makes sense also for vectors which are simply 
functions v : X C. Vectors of this kind satisfying the equation Av = \\A\\v 
will be called generalized Perron-Frobenius eigenvectors. A generalized Perron- 
Frobenius eigenvector has strictly positive entries but it is not necessarily unique. 
Indeed it is unique if the graph is ^4-recurrent, or if it is tree-like [16, 14]. Now 
we show the existence of such (generalized) Perron-Frobenius eigenvectors for the 
network under consideration. 

Assume A„ is an exhaustion for X, namely an increasing family of connected 
finite subgraphs whose union is X, and choose a vertex x e VAi. Then let v n be 
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the Perron- Frobenius vector for A n := A\ n normalized by (S Xa ,v n ) = 1. We extend 
all these vectors to zero outside A„. 

Proposition 4.1. With the above notation, A has a generalized Perron-Frobenius 
eigenvector. 

Proof. We first show that \\A\\ = lim„ \\A n \\ . Indeed, if Y C Z is a proper in- 
clusion of graphs with Y finite and Z connected, and w is the norm-one Perron- 
Frobenius vector for Ay, then \\Ay\\ = (w,Ayw) < (w,Azw) < \\Az\\. Therefore 
the sequence \\A n \\ is strictly increasing and bounded by \\A\\. Assume now ad 
absurdum that lim n \\A n \\ < \\A\\. Then we could find a norm-one vector z with 
finite support such that (z,Az) > lim„||A„||. Choosing n large enough, we get 
(z,Az) — (z,A n z) < \\A n \\, which gives a contradiction. 

Finally we construct a generalized Perron-Frobenius vector for X. Since 

1 = (5 Xo , v n ) = \\A n \\~ 1 {S Xo , A n v n ) = ||A„|| _1 V (S x ,v n ) > ||A n || _1 max((5 x ,w„), 

* ' X~XQ 

Xr^XQ 

then x ~ xo implies (S x ,v n ) < ||.A n ||. By induction we get d(x,xo) < d implies 
(S x ,v n ) < ||^4n|| d - From this we can obtain a subsequence v nk such that (6 x ,v nk ) 
converges for any x € X. Let us denote by v the vector s.t. lmifc(<5 x , v nk ) — (S x ,v). 
We observe that, given x e X, for sufficiently large k, we have A5 X = A nk S x . 
Therefore 

(6 x ,Av) = (A8 x ,v) = lim(6 x ,A nk v nk ) = lim\\A nk \\(6 x ,v nk ) = (S x , \\A\\v), 
which means that v is a generalized Perron-Frobenius vector for X. □ 

5. No Hidden Spectrum for periodic graphs 

In this section we want to show that there is no hidden spectrum for the adjacency 
operator on a periodic graph. This means that the bottom of the spectrum for the 
energy operator \\A\\ — A coincides with the infimum of the support of the spectral 
measure of the energy operator in the trace representation, or, equivalently, that 
the supremum of the spectrum of A coincides with the supremum of the spectrum 
for n(A), where ir is the trace representation. 

We have already proved that, given an exhaustion A„ of the graph X, and 
denoting with A n the adjacency operator for A„, then ||A„|| f \\A\\. 

Let now v € £ 2 (VX) be a unit vector with support contained in A„, 7 G T and 
consider the projection operator P v {l) on the vector \{~i)v. Let us observe that, 
since P v (^) is a projection operator on \{"))v, for any bounded operator C, 

Tr(CP v ( 1 )) = {X( 7 )v,CX( 1 )v). 

We need the following. 

Lemma 5.1. Let X be a periodic graph, K a finite subgraph, v the normalised 
Perron-Frobenius eigenvector of K , and consider, for any 7 G V , the projection 
operator P v ("l) on the vector X(j)v. Then the series P v (7) converges strongly 

to an operator T which belongs to the von Neumann algebra N(X, T). 

Proof. We need to show that, for any e > 0, and w = J2 y ex w y$y *= ^ 2 {X), 
there is a finite set F e c V such that, for all finite sets E C F \ F e , we have 

IIE 7e ^(7MI 2 <£- 
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Indeed, for any finite E C T, we have 

||£p^ 7 HI 2 = £l(4,]r^HI 2 

-yeE x£X -y£E 

xEX ~/£Ey£X 

= E ' E E ™ y (S x ,Hj)v)(\h)v,5y)\ 2 

x£X j£Ey£X 



<E(EE Kl • K*x,A( 7 )«>| • \{\(l)v,5 y )\j 



xGX fGEyeX 

The scalar products in the last line are possibly non zero only if 7~ 1 :r, J~ 1 y € K, so 
that d(x,y) = d(^~ 1 x,-f~ 1 y) < diamif =: d, and x,y € jK C E'K := U 7 / e E~/K. 
Let us observe that | {7 e £7 : 7 ~ 1 x g if} I = I { 7 g £ : x g 7-fsT} I < |#|, so that 

11 E p ^hi 2 < E(K^ : t 1 * ^ K )\ E ki) 2 

7S-E rrGX y eB(x,d)nEK 

<w 2 E( E ki) 2 

jEX y€B(x,d)DEK 

<\K\ 2 j2\ B (^ d )^ EK \ E ki 2 

a:eJf yeB(x,d)nEK 



<\K\ 2 sup \B(x,d)\ J2 E 



a:eX y£EK xeB(y,d) 



<\Kf( S u P \B(x,d)\f E KI'- 

Let now ii e be a finite subset of FX such that J2 y ex\H E \ w y\ 2 < e -> ano ^ se * 
F £ := {7 g L : 7 if n if e ^ 0}, so that, for any finite set E C T \ F e , we have 
£if = U ieE jK CT\H £ , and X^eBif Kl 2 > so that 

nE^W w ii 2 ^i x i 2 ( su pi B ^ d )i) 2e ' 

7 eE ^ x 
which establishes the claim. □ 



Theorem 5.2. Let A be the adjacency matrix of a periodic graph X , w the trace 
representation of the von Neumann algebra J4(X,T). Then 

\\A\\= S npa(n(A)) = \\n(A)\\, 

i.e. H := \\A\\ — A does not have hidden spectrum. 

Proof. Let v n be the (normalised) Perron-Frobenius vector for the restriction A n 
of A to the graph A„, and let P Vn ,P Vn (j) be as defined above. Moreover, for any 
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m > n, let us denote by E m the projection on £ 2 (A m ). Then 
Tr(E m AP Vn ) = Y,Tr{E m AP Vn {l)) 

= ^{K"f)v n ,E m A\^)v n ) 

> 2<A(7)t; n ,£7 rn A(7)£7 n A(7)*A\(7)t; n ) 

= ||A„|| ^2(\(~f)v n ,E m \{~/)v n ) 

= || A n \\ Y,Tr{E m P Vn (7)) = ||A„||Tr(£; m P,J, 
7er 

where the inequality follows by the positivity of all the entries, and the last but one 
equality follows from the fact that E n \{^)* AX(j)E n — A n . As a consequence, 

Tr(E m AP Vn ) r(AP Vn ) 
M " WU" ^ -p^)). 

where, for the last inequality, we used the following: let £ r be the GNS vector, 
and r\ = j^r^-^-j, then -q is normalised, and ^pr^y = (77, 7r(A)?7). The thesis 
follows. □ 

Proposition 5.3. Let X be a periodic graph. Then H := \\A\\ — A has finite critical 
density A is transient. 

Proof. The critical density of H is finite <^=> t(H^ 1 ) = J °° dNl ^ x ^ < 00. Observe 
that t(H^ 1 ) = ^2 xe p(S x , H~ 1 S X ), and recall that (S x , H~ 1 S X ) < 00 for some x e A 
(5 X , H~ 1 5 x ) < 00 for all 2; e A A is transient. □ 

6. The secular equation 

Our aim here is to show that additive perturbations of an essentially periodic 
graph can lead to hidden spectrum for the adjacency matrix of the perturbed graph. 
As explained above this is relevant for the occurrence of BEC condensation for 
the pure hopping model. As a starting point for this analysis we write down an 
eigenvalue equation, called secular equation, for the adjacency matrix in terms of 
objects associated to the unperturbed graph. 

We start by considering very general perturbations of the graph under consid- 
eration, then we specialize the matter to the case of interest for our purposes. Let 
A, G be bounded degree graphs. We suppose we are adding and/or removing links 
from the graph X. Suppose further that G is (possibly) attached to A, describing 
another perturbation of the latter. Let Y be the resulting graph. Its adiacency 
matrix A p can be written as 



(6.1) A p = 



A + D C 
& B 



where A, B are the adjacency matrices of X, G respectively, D describes the contri- 
bution of the links added and/or removed from A, and finally C describes the edges 
linking G to A. In the following i?r(A) := (XI — T) _1 will denote the resolvent of 
the operator T defined for A ^ tr(T). From now on we suppose that the resulting 
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graph Y is of bounded degree, this implies that C and D are bounded operators. 
Define for A £ a(A)\Ja(B), 

(6.2) 5(A) := (Di^(A) + CRB(X)C t R A (X)) \ nc)+ x(D) ■ 

In the case under consideration, 5(A) = PS(X)P where P is the orthogonal 
projection on the closed subspace generated by the ranges of C and D, on which 
we suppose 5 naturally acts. 

Theorem 6.1. With the above notation, X £ a(A)\Ja(B) is an eigenvalue of A p 
iff I is an eigenvalue of 5(A). If this is the case, the corresponding eigenvectors 



v := y^J , respectively z, are related by 

(6.3) z = Dx + Cy, 

x = R A (X)z, y = R B {X)C t R A (X)z. 

Proof. Let A ^ <j{A) (J cr(B), and suppose there is v € £ 2 (Y) such that A p v = Xv. 
By (6.1), we recover from the first equation 

(6.4) x = R A (X)(Dx + Cy) , 
and, by multiplying both sides by D, 

(6.5) Dx = DR A {X){Dx + Cy) . 
Analogously, from the second equation, we obtain 

(6.6) y = R B (X)C t x, 
and from (6.4), by multiplying both sides by C, 

(6.7) Cy = CRbW&x = Ci? B (A)C' R A (X)(Dx + Cy) . 

Summing up (6.5) and (6.7), we obtain that z = Dx + Cy is an eigenvector of 
5(A) corresponding to the eigenvalue 1. Conversely, suppose that z is an eigenvector 

of 5(A) with eigenvalue 1, and A ^ o-(A) [J cr(B). Define v := ^ (A)C**i? Z (A)z) ' 

Then, it is easy to show that v is an eigenvector of A p with eigenvalue A. □ 

The equation 

(6.8) [DR A {X) +CR B (X)C t R A (X)]z = z. 

is called the secular equation in the present paper. It allows to compute the Pcrron- 
Frobenius eigenvalue of A p in many cases of interest, including some infinite, density 
zero, additive perturbations of periodic graphs. 4 

Now we specialize the matter to the case of interest. Namely, we treat the 
case of finite additive perturbations of a (essentially) periodic graph. In this case, 
B, C, D are finite rank operators, with D positivity preserving, and acting on a 
finite dimensional subspace of £ 2 (X). Thus, 5(A) is a finite dimensional matrix 
whenever it is defined. 

We observe that in principle, \\A p \\ might not be an eigenvalue of A p , even if it is 
always the maximum of cr(A p ) (cf. the existence of generalized Perron-Frobenius 
eigenvectors, see [16]). However, if \\A p \\ > max{||yl||, ||£>||}, next result shows that 
\\A p \\ is indeed an eigenvalue of A p . 



^Compare the computations in Section 9 with those in [4] used to prove the existence of the 
hidden spectrum for the comb graph. 
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Corollary 6.2. Let Y be a finite perturbation of X, and A,B,C,D as above. If 
\\A P \\ > max{|m|, ||.B||} then 1 is an eigenvalue of S(\\A P \\) and \\A P \\ <G a p (A p ). 

Proof. Let Y n be an exhaustion of Y such that Y 1 D G U {x : 5 X e 01(C) + 01(D)}, 
\\Ay 1 II > max {|| A\\ , ||S||}, and set X n = Y n C\X. By the results of Section 4 we may 

also assume that the Perron- Frobenius vectors v n = ( Xn \ for Ay , normalized by 

taking value 1 on a fixed vertex of Y\ , converge pointwise to a generalized Pcrron- 

Frobenius vector v = (^j f° r Ay- Applying Theorem 6.1 to any inclusion X n C Y n , 

we obtain that z n = Dx n + Cy n is an eigenvector with eigenvalue 1 for the matrix 
S„(X n ) ■= (DR Axn (X n ) + CR B (X n )C t R Axn (X n ))\ %{C)+%{D) , with X n = \\A Yn \\. 
Let us observe that the vectors z n belong to the same finite-dimensional vector 
space, on which all the matrices S n (X n ) act. By construction, lim„ z n = z := 
Dx + Cy and lim„ S n (X n ) = S(\\Ay\\), namely z is an eigenvector with eigenvalue 
1 of the matrix 5(||Ay||). Applying again Theorem 6.1 we show that v is a true 
eigenvector of Ay with eigenvalue ||^4y||. □ 

We describe two particular cases of (6.8) when D = 0, 5 

(6.9) R B (X)C t R A (X)Cy = y, x = R A (X)Cy; 
and when G = 0, 

(6.10) DR A (X)z = z, x = R A (X)z. 

Corollary 6.3. Let Y be a finite perturbation of X , and A,B,C\D as above. 
Assume that \\B\\ > \\A\\, or \\B\\ < \\A\\ and A is recurrent. Then \\A p \\ > 
max{||A||, ||-B||} and \\A p \\ is an eigenvalue of A p . 

Proof. The function A e (max{||A||, ||S||} , +oo) ^(A)!! is decreasing and tends 
to when A -» +oo. When ||B|| > ||A||, lim \\S(X)\\ = +oo. When ||B|| < \\A\\, 

A-»||B|| 

lim || 5(A) || = +oo if and only if A is recurrent. So, in both cases, there exists 

\->\\A\\ 

a unique Ao > max{||A||, ||B||} such that ||5(Ao)|| = 1. Since 5(Ao) has positive 
entries, 1 is an eigenvalue, whose eigenvector z, the Perron-Frobenius eigenvector, 
has positive entries. Applying Theorem 6.1 we get an eigenvector v of A p , for 
the eigenvalue Ao, having positive entries. This immediately implies \\A p \\ > Ao > 
max{|m|, ||-B||}, therefore, by the previous Corollary, \\A p \\ is an eigenvalue, whose 
eigenvector v' has positive entries. Then A = \\A p \\ and v = v'. □ 

We end the present section by presenting a formula, which is needed in the 
sequel, which describes iiU p (A) in terms of the resolvents R A and Rb- 

Proposition 6.4. Let Y be a finite perturbation of X , and A, P>, C, D, 5(A) as 
above. Consider A G C such that \X\ > \\A p \\, and choose v = ^"^j in £ 2 (Y). Then 

R A (X)(x + z) 
K R B (X)(C t R A (X)x + y + C t R A (X)z) / 

where z = (I - 5(A))" 1 ((DR A (X) + CR B (X)C t R A (X))x + CR B (X)y) . 

If \X\ is sufficiently large, the formula holds also for infinite, additive perturba- 
tions with density zero. 



(6.11) R Ap (X)v 



5 Notice that the matrix C* Ra(^)C is nonnull if the graph Y is supposed to be connected. 
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Proof. If we show that I — 5(A) is invertible, the result follows from a straightfor- 
ward calculation. If the perturbation is finite, 1 ^ a p (S(X)), otherwise, by Theorem 
6.1, A would belong to a p (A p ), against the hypothesis |A| > \\A p \\. Since 5(A) is a 
finite dimensional matrix, this means 1 ^ cr(5(A)), i.e. / — 5(A) is invertible. In 
the case of infinite perturbation, observe that S(X) — > when |A| — > oo, and the 
thesis follows. □ 

Remark 6.5. Assume that the perturbation consists only of some extra edges, with- 
out adding vertices; then C = B = 0, and the result above becomes 

R Ap {X) = R A (X) + R A (X)(I - i?i? A (A)| K(D) )- 1 ^i? A (A). 

In order to have the result for infinite perturbations it suffices that |A| > ||A|| + ||£)||. 



7. Perturbations of periodic graphs 

The present section is devoted to some general results involving density zero 
perturbations of (essentially) periodic graphs. 

Proposition 7.1. Let X be an essentially periodic graph, and Y a density zero 
perturbation of X. Suppose that \\A Y \\ > \\Ax\\- Then Y has hidden spectrum. In 
addition, 

(7.1) p Y c {[3)=p x {(3,p) 
where p = \\A X \\ - \\A Y \\ < 0. 

Proof. Let g n (x) be a continuous mollifier equal to 1 if x < e and if x > e + 1/n. 
We have, with H := \\A Y \\ - A Y and e < \\A Y \\ - \\A X \\, 

N H ([0,e}) = limT(g n (\\A Y \\ - A Y )) = \imr{g n {\\A Y \\ - A x )) = 0. 

n n 

As for the critical density, we have 

pXifi) = r^e^ll^" 7 -^) - l)- 1 ) = r ^( e /5(H^P-^) _ i)-^ 
= t ^Ux\\i-a x -^i) _ = p x (/3)M) _ 

□ 



Notice that (7.1) allows us to compute the critical density of the perturbed net- 
work by using the formula for the density of the unperturbed one. It is very interest- 
ing for physical applications, to compare such a BEC critical density (equivalently 
critical temperature) with the critical density (temperature) of the formation of the 
Baarden-Cooper pairs in the Josephson junctions. 

We now consider finite subtractive perturbations of essentially periodic graphs. 

Theorem 7.2. Let Y be the graph obtained by removing a finite number of vertices 
and links from an essentially periodic graph X which does not have hidden spectrum. 
Then 

(i) Y does not have hidden spectrum, 

(ii) the critical densities of X and Y are equal. 
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Proof, (i) Since X docs not have hidden spectrum, and finite perturbations do 
not change the trace r, it suffices to show that \\Ay\\ = \\A X \\. It is known that 
\\A Y \\<\\A X \\. 
We obtain 

< \\A X \\ - \\A Y \\ < \\A X \\ \\A Y \\ + E m (\\A Y \\ A Y ) 
= E m (\\A x \\ - A Y ) = E m (\\A x \\ - A x ) = 0. 

Therefore \\A Y \\ = \\A X \\ and £ m (||A r || - A Y ) = = S (||A r || - A Y ), which is the 
claim. 

(ii) Since Ny — N x , we obtain py(/3,/i) = p x (/3,p), and p Y c {[}) = p*{[}). □ 

Notice that Theorem 7.2 holds true for zero density subtractive perturbations. 
In addition, it tells us that zero density subtractive perturbations do not alter the 
character of an essentially periodic graph, provided the graph under consideration 
does not exhibit hidden spectrum (e.g. a periodic graph). Theorem 7.2 generalizes 
a result in [10]. 

We now use the results of the previous section to show that very small additive 
perturbations of essentially periodic graphs provide examples of pure hopping low 
dimensional models with finite critical density. 

Proposition 7.3. Let X be an essentially-periodic graph with infinite critical den- 
sity. Then, there exists a point x € X such that if we add to X only one vertex # 
linked to x , then the graph X U {#} has finite critical density. 

Proof. Denote by A the adjacency matrix of X. The secular equation (6.9) for 
X U {#} becomes X~ 1 (S Xa , Ra(X)S Xo ) = 1, xq being the vertex (to be determined) 
of X to which # is connected. We will show that there exists A > \\A\\ satisfying 
the previous equation. 

Denote by H = \\A\\ — A, and observe that X has infinite critical density 

_ r\\H\\ dN H (\) _ f oo dr(E„(X)) _ roo dr(E A (\\A\\- X)) _ r\\A\\ dr(E A (^)) ^ 
JO A JO A Jo A J-oo \\A\\-i> 

r\\A\\ dr(E A (\)) 
Jo ||A||-A 

Therefore, 



CO. 



oo 



= ^P||-(" +1 ) / a n dN A (a) = \\A\\-^r(A n ) 

n=0 ^° n=0 

+ 00 . s 

5 S Mr{ " + ' , *(Nl 1 (J »"' 1 ) 

^«(s.§(l"^ w "i f »«-'))' 



xgAfc x n=0 

Here, the second equality follows by the monotone convergence Theorem, and 
the last inequality by the Fatou Lemma. 
Then there exists x G X such that 

(S ,Ra(\\A\\)S ) = £ \\A\\-^(6 X0 ,A n 6 X0 ) > \\A\\ . 

Tl = 
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This means that, for the decreasing function A 1 (5 XQ , Ra{^)S Xo ) , 
lim A-^^A)^) =0, 

A— ' + OG 

lim . \- 1 (S X0 ,R A {X)S X0 ) > 1. 

X^\\A\\ 

Namely, there exists a (unique) A > ||A|| such that the secular equation for 
X U {#} is satisfied, or by Theorem 6.1, there is a (unique) A > ||A|| which is an 
eigenvalue of A p , which implies \\A P \\ > A > ||A||. Therefore, S m (||A p || — A p ) = 
E m {\\A p \\ -A) = \\A P \\ - || A|| + E m (\\A\\ - A) > \\A P \\ - \\A\\ > 0, that is X U {#} 
exhibits low energy hidden spectrum. □ 

Theorem 7.4. Let X be a essentially-periodic graph. Then, there exists a point 
xq G X such that if we add to X only one vertex # linked to Xq, then the graph 
Y := X U {#} verifies \\Ay\\ > \\Ax\\- This implies Y has hidden spectrum, hence 
finite critical density. 

Proof. Assume the critical density of X is finite. If \\Ax\\ = ||Axu{#}Hi then the 
critical densities of X and X U {#} are equal, so that X U {#} has finite critical 
density. If \\Ax\\ < ||^xu{#}lli then IU{#} has hidden spectrum and finite critical 
density. 

If X has infinite critical density the result follows from the Proposition above. □ 
Remark 7.5. 

(i) The proof of Proposition 7.3 is based on the fact that there exists Xo such that 
(S Xo , Ra{\\A\\)S Xo ) is large enough. This is trivially true if X is periodic, since in that 
case infinite critical density is equivalent to recurrence, namely (S x , Ra{\\A\\)6 x ) = 
+oo for any x. 6 

(m) Notice that, the divergence of the same integral / y a|| -'a ' on tne onc nan d 
is responsible of the infinite critical density for the unperturbed graph X, on the 
other hand allows us to conclude that graphs obtained by considering very small 
additive perturbations of X have finite critical density. 

Up to now we have shown that small perturbations of a graph can produce hidden 
spectrum to the pure hopping Hamiltonian. The remarkable fact, pointed out in 
the following theorem, is that such a network cannot exhibit hidden spectrum if we 
choose as Hamiltonian of the model the Laplace operator A of the graph. 

Theorem 7.6. Let X be a periodic amenable graph, and Y a density zero pertur- 
bation of X . Let the Hamiltonian H be the Laplace operator on Y. Then H does 
not have hidden spectrum. 

Proof. Let A, and A p be the Laplacian of X, and the perturbed graph Y, respec- 
tively We have 

< E (A P ) < E m (A p ) = E m (A) = 0, 
where the last equality follows by [9]. □ 



See [1] for results related to the BEC and the computation of the "vacuum distribution" 
dfi(\) = (8q, dEAWio) in some cases of interest in quantum probability, such as the comb graph. 
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8. One dimensional examples 

In this section, we exhibit some examples of graphs which have hidden spectrum. 
To prove that, we use proposition 7.1, so we have to compare the norms of the 
adjacency operators of a graph and its perturbation. To compute the norms, we 
use Perron-Frobenius theory, and in particular the secular equation (6.8). We start 
by considering the eigenvalue equation for the adjacency operator on a linear chain. 
As we shall see, this gives rise to a difference equation whose solutions form a 2- 
dimcnsional space. Therefore two more data, such as the value on boundary points, 
determine the solution for the given eigenvalue, and a further datum determines 
the eigenvalue. In this way we can calculate the Perron-Frobenius eigenvector and 
eigenvalue on one-sided or two-sided linear chains with perturbations. Also, we 
can compute the matrix elements of the resolvent Ra (A) for one-sided or two-sided 
linear chains. Indeed, the vector v = Ra(X)5 x satisfies the equation (A — A)v = S x , 
namely the eigenvector equation with a perturbation. We compute some examples 
below. 

Example 8.1 (Modified chain graphs). Suppose that the perturbation is on the 
left of a linear chain, and it determines the first components, denoted by (ao> A))> 
of an eigenvector corresponding to an eigenvalue A > 2 for the adjacency matrix. 
Denote the other components on the right as (ai, /3i, 0:2, 02, ■ ■ ■ ), see figure 2. The 
remaining components on the right are the solution of the finite-difference system 



a fa a-t Pi a 2 p 2 



Figure 2. Infinite chain. 
The eigenvalues of the matrix in (8.1) are 



,0^ „, A 2 -2±AVA2^4 
(8-2) n±(X) = f- 

with corresponding eigenvectors 
(8.3) v±(X) :-- 



V A± VA^ 

Now we apply the previous considerations to the graph X in figure 3. Since the 
square-summable Perron-Frobenius eigenvector is unique, it is necessarily symmet- 
ric. So, we only search for symmetric eigenvectors of Ax- We have, in the previous 
notation, 

(8.4) A = a , Aa = 1 + 2/3 • 
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By taking into account that, in order to get a square summable vector on the 

chain, ( "° ) cannot have a component along the eigenvector v + (X), we obtain 
\PoJ 

< 8 - 5 > (a)-G-^j)- 

Solving (8.4) and (8.5) w.r.t. A, we obtain A = y/2 + \/E > 2. Since the eigenvec- 
tor we found has only positive components, it is the Perron- Frobenius eigenvector 
of Ax- Therefore \\Ax\\ = A > 2 = \\Az\\, and, by proposition 7.1, the graph X has 
hidden spectrum. 



1 



«1 y8 a y8 ffi A 



Figure 3. Infinite chain with a nail. 



Other examples can be solved along the same lines, as those in figure 4. They 
both have hidden spectrum. 



Pi 



<*o Po 



FIGURE 4. Some infinite graphs. 

Another application of the previous method is to compute some matrix elements 
which are used in the sequel. 

Proposition 8.2. We have for the following matrix elements, 

(8-6) (SoiRa^So) = %== , 

A + VA 2 - 4 

(8-7) (So, R Abox (X)5 ) = A + ^j-rg 

where At, ox is the adjacency matrix of the box graph in figure 5. 
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Proof. We compute the latter, the computation of the former being similar. The 
one dimensional dynamical system (as that given in (8.1)) associated to the box 
graph is described by the matrix 

whose eigenvector associated to the negative eigenvalue has the form 

(a - Va^s) ' 

We have 

ft) = a {\-J^8) ' X ^- 2 ^ = 1 - 
Solving w.r.t a = (So, RA box (X)Sq), provides the assertion. 




«o Po <*1 P\ a 2 P2 a 3 P 3 a 4 /3 4 



Figure 5. Box graph. 

□ 

Remark 8.3. By applying the same calculation as before, we obtain 

(8.8) (6 ,R Al (X)S ) = 

Now we apply the previous results to compute the Perron-Frobenius eigenvalue 
and/or eigenvector of some pivotal examples in order to show that they exhibit low 
dimensional hidden spectrum. 

Remark 8.4. Even though N is not a finite perturbation of a periodic graph, the 
disjoint union of two copies of N, N U N, can be identified with the graph Z with 
one link removed. The embedding of N U N in Z gives rise to an embedding of 
pairs (T,S) of operators in .Afp(N) into operators in Afp{^)- We may therefore 
define the C*-algebra A{H) as that consisting of the operators T e .Afp(N) such 
that (T, T) e A(Z), endowed with the corresponding trace. This simple observation 
allows us to conclude that the critical density p c (/3) of the graph N, resp. the box- 
graph, is infinite as it coincides with that of Z, resp. the bilateral box-graph (which 
is a Z-lattice). 

Example 8.5 (Star and star-box graphs). The star graph with n > 3 strands is 
composed by n copies of N all connected to a single vertex #, see figure 6, left. If 
A > 2 = |^4n||, the secular equation (6.9) is written as 

(8.9) X = n(6 ,R AN {X)S ). 
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By taking into account (8.6), we obtain for the adjacency matrix A n of the star 
graph with n strands, 

A=||A,ll = -^==. 

\Jn - 1 

Therefore, the star graph has hidden spectrum, see [4]. 

The star-box graph is made of n > 3 copies of the box graph connected to a 
single vertex #, see figure 6, right. By taking into account (8.9) and (8.7), we have 

A = A+ ^-8 Which § iVeS 

\ = -^, n>4. 
^~2 

Since ||A;, ox || = 2\/2, the star-box graph has hidden spectrum iff n > 5. 



Figure 6. Star and star-box graphs. 

Example 8.6 (Polygonal star and star-box graphs). We now apply the secular 
equation (6.10) to solve the star-box graph with n strands obtained by connecting 
n > 3 copies of the box graph through a polygon, see figure 7, right. The vector z in 
(6.10) is supported on the vertices of the polygon having n edges. If A > ||A;, ox || = 
2y/2, the secular equation for such a z living on the polygon, becomes 

(8.10) (S ,R Abox (\)5 )A pol z = z, 

where Ab ox , A po i are the adjacency matrices of the box graph and the polygon 
respectively. Rotational invariance for the graph under consideration implies z has 
equal components, hence 2{8q, RA box (A)5o) = 1) independently of the number of 
the edges of the polygon. By taking into account (8.7), the previous equation gives 
A = 3 > 2y/2= II 

^4&ox||- Hence, the star— box graph has hidden spectrum. 



Another simple example of the star graph is that made of n strands connected 
by a polygon, see figure 7, left. By taking into account (8.10) and (8.6), we have 




Figure 7. Polygonal star and star-box graphs. 
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Example 8.7 (H-graphs). Wc consider two copies of the bilateral infinite chain to 
which we add k links between the two origins, see figure 8. We call this graph an 
-ff-graph. We have 

a ° (a 2 k) = aa ° (a + Jf=z) + ba ° (a - jx^i) ■ 

In order to have a square-summable eigenvector, we need a = 0, from which we 
obtain 

A = yjk 2 + 4. 

Therefore, the H-graph has hidden spectrum as soon as k > 0. 




P\ ori Po «o Po at Pt 



Figure 8. H graphs. 



Example 8.8 (Modified ladder graphs). In the previous examples, we considered 
additive and subtractive perturbations separately. We now consider them together. 

We consider the bilateral ladder graph modified as follows. We add k — 1 links at 
the origin, and remove 2n links symmetrically, sec figure 9. We look at a modified 
ladder graph as a graph containing a suitable -ff-graph as a subgraph. 

Since this graph contains the H-graph as a subgraph, \\Ax\\ > Vk 2 + 4. Since 
the ladder graph (i.e. for k = 1 and n = 0) has ||A a( Mer|| = 3, the modified ladder 
graph X has hidden spectrum for all k > 3, n > 0. Moreover, by theorem 7.2 it 
follows that X has no hidden spectrum for k — and any n > 0, or for k = 1 and 
any n > 1. Finally, it is possible to prove that, for k = 2, X has hidden spectrum 
for n = 0, and no hidden spectrum for n > 1. 




yS n ff n Po a Po a n /? n 



Figure 9. Modified ladder graphs. 
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9. Comb graphs 



In [4] the authors considered a graph, which they called comb graph, and showed 
that it has low energy hidden spectrum. 

In general, one can define the comb product between two graphs, as in the 
following definition (cf. [1]). 

Definition 9.1. Let G, H be graphs, and let o e VH be a given vertex. Then 
the comb product X := G H (H, o) is a graph with VX := VG x VH, and (g, h), 
(<?', h') € VX are adjacent iff g = g' and h <~ h' or h = hi = o and g <~ g' . We 
call G the base graph, and H the fibre graph. When o <G H is understood from the 
context, we omit it, and write G H H. 

In this and the next section we shall consider the so called comb graphs, with 
base Z d , d € N, and fibre Z, with distinguished vertex £ Z, and we denote them 
simply by Z d H Z. As we shall see, the comb graphs exhibit a different behaviour 
with respect to BEC, if d < 2 or d > 3. 

The comb graph Z H Z can be described as an additive perturbation of the 
disconnected graph given by Z copies of Z (i.e. the fibres). The perturbation 
consists of adding some extra links: for any n £ Z, there is a link connecting the 
zero-point of the n-th copy to the zero-point of the (n + l)-th copy, see figure 
1. The added links form a copy of Z which is usually called the backbone in the 
Physics literature. We endow this graph with the regular exhaustion {A n } n£ N, 
where A„ is the square [— n,n] x [— n, n]. Here, and in the following, we denote 
by [m,n] := {z e Z : m < z < n}. In this sense the comb graph is a density zero 
perturbation of the disconnected graph given by infinitely many disjoint copies of 
Z, indeed, according to Proposition 2.7, it is sufficient to note that 



As already said, it was shown in [4] that the comb graph Z H Z has low energy 
hidden spectrum. We generalize this result as follows. 

Proposition 9.2. The comb graph Gd = Z d H Z has low energy hidden spectrum. 
In particular \\Aa d \\ = 2\J d 2 + 1. The generalized Perron- Frobenius vector on Gd, 
obtained as point-wise limit of Perron- Frobenius vectors on A n , can be explicitly 
calculated. 

Proof. Let us observe that A„ can be described as a finite comb graph [— n, n] d H 
[— n, n], hence as a finite perturbation of the disjoint union of (2n + l) d copies 
of [— n, n]. Applying Theorem 6.1 with A„ = ||-<4[_ n)n ]d_|[_„. n ]||, and in particular 
equation (6.10), we obtain the equation for the Perron-Frobcnius eigenvector z n for 
the matrix S(X n ) corresponding to the eigenvalue 1, given by 

(9-1) (6 ,R A[ _ nn] (X n )S )A [ 

This means -Ra ( _„ n] (A„)<5o) || A[_ n „]d | = 1. Taking the limit for n — > oo, we obtain, 
with A := lim A„, 



|(g(ZHZ)\£(U z Z))n£A ra | 
\VA n \ 



(2n+l) 2 



2n+ 1 



0. 



(6 ,R Az (\)6 )\\A zd \\ = l 



which, according to (8.8), leads to 



(9.2) 



2d 



= 1 



VA^I 
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or equivalently 

X=\\A Gd \\=2^d? + l. 
Notice that z n is the Perron-Frobcnius vector for A^_ n ^d, and we can normalize 
z n in order to to have value 1 in the origin. Then z n converges pointwise to the 
unique generalized Perron- Frobenius vector for Z d , namely the vector which is 
constantly equal to 1 on Z d . Then, according to (6.10), the Perron-Frobenius 
vector x n of ^4[- n , n ] d H[-n,ra] is given by x n — Ra { _„ n] (A„)z„. As a consequence, for 
any(j,j)enZ d HZ), 

(Sj-j,x n ) = ((5j- J ,i?A [ _„ i „ ] (A„)z n ) = (%, z n )(Sj, R A[ _ n n] (X n )6 ). 

Taking the limit for n — > oo we show that x n converges pointwise; its limit is the gen- 
eralized Perron-Frobenius vector x whose component (j, j) is equal to (Sj , Ra z (A)<5o) , 
with A = 2Vd 2 + 1. □ 

Let us consider the comb graph G d = Z d H Z together with the finite volume 
approximations A„ = X n H Y n , where X n is the graph (Z 2rl +i) d (periodic boundary 
condition on the base graph), and Y n is the finite chain [— n, n}. 

Lemma 9.3. Describing £ 2 (A n ) as £ 2 (X n ) (g>£ 2 (Y n ), the Perron Frobenius eigen- 
vector v n for the adjacency operator Aa„ has the form u n ® RY n {\\A\ n \\)Sq, where 
u n is the vector constantly equal to 1 on X n . Moreover, 

(9-3) 2d{5 ,R Yn {\\A Kn \\)6 ) = l 

Proof. Indeed, A\ n = I ® Ay n + Ax n ® Po, Po denoting the one-dimensional pro- 
jection on 5 , so that, for v n — u n ® w n , 

A\ n v n = u n ® A Yn w n + A Xn u n ® P w n = u n ® (A Yn w n + 2dP w n ), 

where we used the fact that the constant vector on X n is the Perron-Frobenius 
vector for Ax n , and the equality ||Ax n || = 2d. 

Then, v n is an eigenvector for A\ n with eigenvalue t if AY n w n +2dP w n —tw n = 0, 
which gives 

(9.4) (t - A Yn )w n = 2d(S 0l w n )5 . 
In particular, this implies 

(9.5) 2d(S ,R Yn (t)S ) = l, 

where R Yn (t) denotes the resolvent (t — Ay^ 1 . Let us note that the function 
(do,R Y (t)do) is decreasing in (II A Y II , +oo), lim (5o,R Y (t)So) = +oo and 

^ll^v„|| 

lim (<5o, R Yn (t)S ) — 0, therefore there exists a t for which condition (9.5) is 

satisfied. With such a t, the choice w n = R Yn (t)5o gives rise to an eigenvector 
v n by equation (9.4). Moreover such v n has positive entries, hence is the Perron- 
Frobenius vector. This implies that the t satisfying equation (9.5) coincides with 
||AaJ|, so it is unique. □ 

We may now use the preceeding Lemma to obtain results on the graph G d . 

Lemma 9.4. Let v n = u n ® w n , with u n constantly equal to 1 on the base X n , 
w n = ||-Ry n (||A(\ n II)^o|| _1 ^y„(||^4a„ 11)^0; andv = u®w, with u constantly equal to 
1 on the base graph Z d and w = ||i? z (||yl||)(5o||- 1 i? z (ll A \\) S o- Then 
(i) w n converges in norm to w, 
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(ii) v is a generalized Perron- Frobenius vector for A, 
(Hi) (6o,R Y J\)8o) = tan J<"+^ 7 where 2coshtf = X, 

(iv) \\R z (\\A\\)6o\\ 2 = &j£. 

Proof, (i) Let us observe that ||^4aJ — > \\A\\ = 2\Jd 2 + 1, with A = A G n, while 
H-Ay-JI — ► ||Az|| = 2, hence Proposition 3.10 implies that Ry n (|| ^4a„ ||) converges 
strongly to R Z (\\A\\). 

(ii) The proof is analogous to the result in Section 4. 

(Hi) Setting A = 2 cosh i?, it is not difficult to check that the vector z(X, n) defined 

by 

(9.6) 

. sinh[(n + 1 - b'|)tfl x „. coshfl sinh(h'|i?) . . 

^ = 2sinhLsh[(J+l)l?] = tanh [^ +1 ^]^^-^nlr' ^ ± »' 

satisfies (A/ — ^4y ri )z(A, n) = <5 , therefore (<5 , R Yn (X)5o) = z(X,n) . The thesis 
follows since 2 sinhz? = 2 \/ cosh 2 $ — 1 = VA 2 — 4. 
(iv) By (i), z(|| A|| , ti) converges in norm to i?z(||.A||)5o, therefore 

^M\\a\\)s ) = ^, 

with 2cosh?9 = \\A\\ = 2y 'd 2 + 1. The thesis follows by a straightforward compu- 
tation. □ 

Let us set v = X}j-%®Wf, wj* denoting the restriction of v to the fibre at the point 
j. We say that v e So if the sequence J € is rapidly decreasing. We now 
show that T t = e ltH defines a one-parameter group of Bogoliubov automorphisms 
on So- 

Proposition 9.5. Let H = \\A\\ — A on the comb graphs Gd- Then e ttH So C So- 
Proof, live £ 2 (G d ) then 

e aH v = — <f> e lt ^ A W-^ R Gd (X)v dX 

where 7 is a Jordan curve surrounding counterclockwise the spectrum of H , and 
R G d(X) = (A — A)^ 1 is the resolvent of the adjacency operator on the comb graph. 
Let (j, j) = (ji , . . . ,jd,i) denote the coordinates of the comb graph Gd, and denote 
by <5j*<8> Sj the delta function on a point (j,j). Let us recall that, by Proposition 
6.4, for |A| large enough, R G d(X) =1® R Z (X) + $(A) <g> Rz(X)P R z (X) with 

(9.7) $(A) := s(X)R zd (s(X))A zd , 



and s(X) is the holomorphic extension of \/X 2 — 4 to C\[— 2, 2]. 

Let us set v = J2jS?® v v v j denoting the restriction of v to the fibre at the point 
j. Then the assumption v e So amounts to say that the sequence \\vf\\, j e 7L d , is 
rapidly decreasing, while the thesis, namely e ltH v £ So, is equivalent to say that the 
sequence X^'ez |(%® Sj, e ltH v) | 2 , Je Z d , is rapidly decreasing. By the equations 
above, we have 



(%® 8j,R G a(X)v) = 

= (6j,R z (X)v f )+ V(%,$(A)<%) (^,i? z (A)P i? Z (A)^). 



E 
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Choose the curve 7 as a circle with radius greater than \\Az\\ + H^z^H = 2(d + 1), 
which surrounds the spectrum of Ac d , and the hypothesis of Proposition 6.4 arc 
satisfied, see Remark 6.5. With such a choice, 



]>>^,e^)| 2 <^sup 



-it\\2\ 



RzW\\ 2 \H\ 



E 



2 (%,<f(A)%) (<5„ J R z (A)P i? z (A)^) 



Clearly the first summand is rapidly decreasing in j. Concerning the second sum- 
mand, we have 



(6fi*Wh) (S 3 ,Rz(X)PoRz(X)v S ) 

kei d 



= sup 

AG7 



<sup||i? z (A)|| 4 

AG7 



^(%,$(A)%) R z (X)P Rz(X)v^ 



fcez d 



The thesis now amounts to show that, for any multi-index a — (a\, . . . , ay), the 
sequence sup Ae7 Wf X)jf e z<»(%> $ M<%) w dl is bounded. 

Passing to the Fourier transform on the torus T d , and setting := J2k^z d e%kr °w 
we have 



sup 

Ae 7 



: SUp 

AG7 



= sup 

AG7 



e< (k-j)tf 2£(A)E^iCos27rgj ^ ^ 
t-^ «(A)-2E? =1 cos27rt? I fc 

M) M / e"^ ( 2s (X)EU^^i 
Jt* d# a ^ s (A)-2£f =1 cos27rt 

9l Q l / 2s(A)X)?=iCos27rt?j 



< sup sup 

AG7 tfeT d 



5(A) - 2X)f=lCOs27Tt?, 



Since is rapidly decreasing, v{8) e 6°° (T d , £ 2 (Z)) . The thesis follows. 



□ 



We end the present section by pointing out the following fact. For v E So, define 
on the Weyl operators ctt(W(v)) := W(T t v). We obtain a one-parameter group of 
*-automorphisms 1 1— ► a t on the CCR algebra CCR(So)- Namely, (CCR(§o),a) is 
the dynamical system which is of interest in our context. 
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10. THERMODYNAMICAL STATES FOR COMB GRAPHS IN THE CONDENSATION 

REGIME 

10.1. General results. We will consider here the comb G d = Z d H Z with the 
finite volume approximations A„ = X n H Y n , where X n = (Z 2n +i) d (periodic 
boundary condition on the base graph), and Y n is the line graph {— n, . . . , 0, . . . , n}. 
Our aim is to study the states u> n relative to the Gibbs grand canonical ensemble on 
the finite volume approximations A„ with chemical potential /i„, and the existence 
of the limit state w on the comb graph G d in the condensation regime, that is when 
fi n — > 0. The case \x n — > [i < of non condensation regime, presents no further 
tecnical difficulties, and is described in Theorem 3.11. To avoid technicalities, we 
suppose n n < 0. 

Let A\ n be the adjacency matrix of the comb graph A„. The matrices A\ n 
can all be considered as operators acting on £ 2 (VG d ), if we identify X n H Y n with 
[—n, n] d H [— n, n] C Z d H Z. We have to study the limit behaviour of 

Un(a + (Z)a(n)), £,r?eS . 

Let us denote by i?„ = (||A|| — [i n )I — A\ n the Hamiltonian on A n with, chemical 
potential /x n . We want to compute the limit 

(10.1) ]im( V , (e^ - iy'O, 

n 

for suitable vectors r), £. We first write 

(eP H » - I)- 1 = ((e"*" - I)- 1 - (pHn)- 1 ) + (Z?^)" 1 . 

Then 

Lemma 10.1. (e fiH ™ - I)- 1 - (/3i/„) _1 converges to (e fiH - I)- 1 - {(3H)- 1 in the 
strong operator topology. 

Proof. Indeed the function (e /3A — I) -1 — (/3A) _1 is continuous on [0, oo), hence the 
result follows by Proposition 3.10. □ 

We have therefore reduced the computation of (10.1) to the computation of 

(10.2) limM/?^)-^). 

n 

Set A„ := ||^4|| — [i n . Since H~ x = R^ n (A„) by definition, the identity of Propo- 
sition 6.4 implies 

(10.3) H- 1 =I®R Yn (*n) + <5>n ® i?y„(A„)Poi?y„(A„), 

where Po — \S )(So\ (in bra-ket notation), and <!>„ = (/— (5 , i?y„(A„)(5o)Ajj s : ri ) _1 Ax n - 
Let us notice that, by Lemma 9.4 {Hi), (do, Ry n (A„)<5o) — > (2d) -1 , hence we set 

(10-4) (5 ,R Yn (K)So)= . * v 

2(d + e„) 

and we have e„ — > 0. Setting 77 = ^ £ = Sfe ® we have 

(10.5) (r?, H-'O = ( V , I ® i? y „ (A„)0 + ^<%, i?y„ (A„)P i?y„ (A n )£g>. 

We first observe that, by Proposition 3.10, 

(10.6) lim(77, / ® R Yn (A n )£) = {rj, I ® R z (2y/tP + 1)0 

n 
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Let us now compute limYoV, & n 5z}. Making use of discrete Fourier transform we 

n 

get 

„ . .. U^..)/ m^l^lzM dmn } iie [_„,„], 

j,k^[-n,n] d 
where m„ is the normalized measure on T d given by 
(10-7) m„ = — — T (5 2, -.. 

j*e[-n,n] d 

We now write 

(10.8) / ldZ ^ 1 ,; / dm„W = fc„ + Q„(%,Jg) ; 

where 



(10 ' 9) -J U + 21,(1 

(lo.io, q„< Me) . / (^L^)co S ((j-^-i ^ 

JT<* £n + 2^ i= i(l-COS1?i) 

According to Lemma 10.1 and equations (10.6), (10.5), (10.8), we have proved 
the following. 

Lemma 10.2. 

(10.11) = fa, - IT 1 {PHn)- 1 ) $ + 1^,1® R Yn (A„)0 

(10-12) + 2d(d + e n ) ^ Q„(%,^)(^^„(A„)P i?r n (A n )^) 

J*,&£ [—n.n] d 

(10-13) + 2d(rf + £n ) ^ ^ ( ??/ ,i? yn (A„)P i? y JA„)4-), 

We now show that Q n (Sj, <%) converges to 

f (iV d , costf;)cos((J- fc)#) - 1 
(10.14) g(%,%):=/ 1 UJ / J dm(tf), 

JT d 2^i=l(l — COS^i) 

where dm denotes the normalized Lebesgue measure on T d . 
Proposition 10.3. 

\Q n (h h) - Qih h)\ < «n(i + \j- fc| 2 ) 

/or a suitable infinitesimal sequence a n . 
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Proof. Indeed, let g(e,v,ti) = yd ^ l ~ 1 % -l v — ' 



with v := J*— fc, and 



write 



< 



J (g{e n ,uj) dm n 0) - g(0,vj) dm(fy 
[ (g(e n ,a,$) dm n 0)-g{O,vJ) dm(S)) 

JB(0,r) V 7 



B(0,r)<= 



tf) - g(0,v,-&)\ dm n {'d) 



+ 



( g{<d,vj)(dm n 0)-dm0)) 

JB{0,rY V J 



We now fix 5 > 0, and observe that we may find r independent of s n , V and i? such 
that the first summand of the r.h.s. above is bounded by 6(1 + |z?| 2 ). Moreover, 



on T d \B(0,r), \g{e n , V, 0) - g(0, V, 0)| < 



4e r 



< S for sufficiently big n. Finally 



|Vg(0, v, < -j(l + on T \ £>(0, r), hence the third summand is bounded by 



<5(1 + \v\) for sufficiently big n. The thesis follows. 



□ 



In order to continue the analysis of the limit state u, we have to study lim„ k n , 
where k n was defined in (10.9). As we shall see, this requires to study the low- 
dimensional case and the high-dimensional case separately. 

10.2. The comb graph with low-dimensional base graph. 

Proposition 10.4. If d < 2, then k n — > +oo. 

Proof. 



1 



£n + 



f 



dm^d) — const 



■d 



d-l 



d-d 



En + ~o 



□ 



F 4- ^-J- 

c n ~ 2 

The thesis follows since the last integral diverges for d — 1, 2 when e„ — > 0. 

Now we may prove the main result of this subsection. 

Theorem 10.5. Let £, G § . For eac/i sequence [i n — » 0, 

(10.15) w„(a+(Oa(? ? ))=A ; ;^ t ;„)K,r ? )+C„(^r ? ), 

w/iere fc^ — > +oo, (v n ,t]) — ► /or any 77 e S ; wii/i u„ G FA„ and u„ — > u, 

the generalized Perron- Frobenius vector on G d described in Lemma 9.4, and C n 
converges to a sesquilinear form with domain containing S . 

Proof. Let us observe that, with w n :— \\R Yrl (Xn)6o\\~ 1 R Yrl (X n )6a, 

(r] T ,R Yn (X n )P R Yn (X n )^) = ( Vl ,R Yn (X n )6 )(R Yn (X n )6 ,^) 

= ||i?y„(A n )(5o|| 2 (?7j-, w n )(w n ,£%). 

Denote by v n := u n ® w n , where, here and in the following, we use the definitions 
in Lemma 9.4 for the vectors u n , u, w, v. 
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On the one hand, we get 

^<Tfrifr n (A„)Poiir n (A„)%) - \\RY n (K)So\\ 2 {v,Vn){v n ,0, 

and 



E <«. %) ( w > 6) - ( M ™ » 6 f> ( w « - £f> 



< E ii^ii + 11^-^11 E u&i 

n,n] d fe[—n,n] d 



which tends to 0, since w n — * w in norm, and the sum 1S finite, since £ is 

in So. We have thus proved that the term (10.13) in Lemma 10.2 gives the first 
summand in the statement, with k' n = /3~ 1 2d(d + e n )fc„||iiV„(A n )<5o|| 2 . 
Again by Proposition 3.10, the term (10.11) in Lemma 10.2 converges to 



where Aoo := 2\J d 2 + 1. As for the term (10.12) in Lemma 10.2, we want to show 
that it converges to 

2d 2 



or, equivalcntly, that 

E Qn(5j,Sk)(Vj,Wn)(w n ,Zk) ^QiSf, S^^, w) (w, ^) 

where Q was defined in (10.14). Indeed 

j,k J,k£[— n,n] d 

< E Nl 114-11 

+ E i^^iiMiiiy 

j.k^[—n : n] d 

+ E 1*3" (%><%) I K^^X^.^fe) - (vj,w„)(w n ,^)\. 

3,kE[— n,n] d 

According to Proposition 10.3, the first summand on the r.h.s. is majorized by 

a n J2(l + \j-k\) 2 \\v?\\ Ud 

which tends to zero since a n does and the sum is finite because 77, £ e So- 
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Since, by definition of Q, \Q(Sf, 5^)\ < (1 + \j— k\) 2 , the second summand is 
majorized by 

£ (i + IJ-fc|) 2 NI \M 

which tends to zero since the sum is finite as above. 

In the last summand, we again have \Q n (5j, %)| < (1 + \j — k\) 2 , and 

\(ri T ,w}(w,^)-(ri T ,w n }(w n ,^}\<2\\w-w n \\ \\r] T \\ ||^||. 

Therefore the last summand is bounded by 

2\\w-w n \\J2a + \3-k\) 2 \\v?\\ Mil 

hence tends to as before. □ 
Remark 10.6. 

(i) Theorem 10.5 tells us that it is impossible to construct any locally normal states 
describing BEC (i.e. whenever \x n — > 0) on the combs Z d H Z, d = 1, 2, see Lemma 
3.2. In addition, the divergence of the two-point function depends only on the 
amount of condensate (cf. C n in Theorem 10.5 converges to a sesquilinear form 
which is finite on So). 

(ii) Let us observe that the lack of a locally normal thermodynamic state describing 
condensation docs not mean that physically the condensation does not occur. It 
indeed means that in nonhomogeneous networks, particles condensate even in the 
configuration space, due to the shape of the wave function of the ground state. 
Then more and more particles tend to lay in the low energy spectrum and along 
the base space. The system cannot accommodate them. 

10.3. The comb graph with high-dimensional base graph. We will show here 
that, for the comb G d = Z d H Z, d > 3, it is possible to construct infinite volume 
locally normal KMS states. As before, we will consider the finite volume approxi- 
mations A„ = X n H Y n of G d , where X n = (Z,2n+i) d (periodic boundary condition 
on the base graph), and Y n is the line graph {— n, . . . ,0, . . . , n}. Our aim is to 
show that, for a carefully chosen sequence of chemical potentials \i n — > 0, we obtain 
locally normal thermodynamical states exhibiting Bose-Einstcin condensation. 

Recalling the discussion above, the estimate from below of k n in Proposition 
10.4 does not imply that k n — > oo when d > 3. In order to describe its behavior 
we have to split k n in two parts, the zero component of the integral and the rest, 
k n = fc" + fc+ , with 

(10.16) k° n 



(10.17) k+= [ — j-L dm n 0). 

Jt*\{o} e n + - cosi?,) 

Our aim is to show that 

lim / -j — dm n ( , &) = [ — -j dm0). 

" Jt"\{S} e n + Eti (i - cos 00 jTd Eti (i - cos 
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Let us set ip0) = X^=i(l — costfj). The integrand is positive, hence, for any 
e > we have, for n large enough, 



It 



T d \{0} £ + 

I n — > oo 



dm(i?) 

The result will then follow if 



/ 



dm n ('d) 



T d \{0} £„ + y>(i?) 



£^0 



dm n (d) 
T d \{0} ip(-d) 



j 



dm{&) 
<P0) 



Such integral can be rewritten as 



f _L {dm n 0) - dm0)) 



0. 



T d \{o} \<p(#) FT/ JT d \{o} |#| 2 

The first term tends to zero because of the following Lemma. 

Lemma 10.7. Let F be a bounded function on [— Tr,ir] d which is continuous but in 
zero. Then 



F{$) dm n (V) 



F{d) dm(0) 



-7T, W ]<*\{0} 

Proof. Let Halloo = C, and, for a given e > 0, choose 5 such that (2S) d C < e/2. 
Clearly F is uniformly continuous on ([— 5, <S] d ) c , therefore there exists an n such 
that 



rfm n (i?) - / F(t?) dm(tf) 

'([-■5,<5] d ) c J([-5,5]< i )< : 

With such choice 



< e/2. 



dm„(<?) 



[-•7T,7r] d 



< £, 



□ 



'[-t^UO} 
and the Lemma is proved. 

The second term tends to as shown by the following Lemma. 

Lemma 10.8. Let d>3. Then 

lim f -L dm n 0) = f -L dm0). 

n JT d \{0} |l?| 2 JT d |#| 2 

Proof. Since the domains of our integrals are contained in [— n, ir] d , we may assume 



m n = 



{2n+ l) d f 



Denote by Cj* the square 
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and by 1 the vector with components constantly equal to 1, then, for any j such 
that ji > 0, i = 1, d, we have 

(10.18) f -±- dm n (tf) < / -4 dm(£) < / dm n (tf). 

yc,. +r |^| 2 ^c 3 - |^| 2 Jcj |^| 2 

As a consequence we have 

/ 4- dm(0) = 2 d lim / 4- dm(0) < lim / -4- dm n (tf). 

JT d |tf| 2 n— ^./[^.^d |#|2 ™^°°J T d\{o} |$| 2 

We now prove the opposite inequality. We decompose the lattice 

O-jr 

{- -j:jeZ d }nT d 

l 2n+l J 

according to the number of non-zero components of j. Therefore, setting T d+ = 
{^T^e(0,7r] d :fceZ d },weget 



.19) / * dm n (S) = J2( d )y(2n + iy- d [ ±- dm n 0). 

Vt<*\{o} |^| 2 \3J JTi+ |$| 2 



(10 

JT"\{0} \V\* 

If j > 3, we use inequality (10.18) to get 

(10.20) (2n + l)^- d / dm„(tf) < (2n + iy~ d / dm(i?) 

■M+ |$| 2 J[0,n]i \fi\ 2 

and note that the r.h.s. tends to zero if j < d. 

For j = 1, 2, we decompose T{+ as { af^i*} U { e (0, 7r] d : k ^ l|. Hence, 
again by inequality (10.18), we get 

M+ |tf| 2 " (2n+l) d \ 2n J j 

+ 2- 1 {2n+iy- d ( -X- dm0). 

Both summands on the r.h.s. are infinitesimal. Therefore equations (10.19) and 
(10.20) give 



lim f -4- dm n 0) < [ -4- dm0) 
" M{o} |i?| 2 A" |i?| 2 



□ 



We have proved the following Lemma. 
Lemma 10.9. 



™ JT d > 1 — COSC',- 



This result, together with the definition of $„ and Proposition 10.3, gives 
Proposition 10.10. 

'k° n + k++ Q n (S T , 5A j,ke [-n, n] d 



(10.21) (2d(d + e n )r 1 (S f ^ n S i :) = 



v K 'k> 

j,k<£ [-n,n] d . 
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There exists an infinitesimal sequence a'^ such that 

(10.22) |(fc+ + Q„(%,%)) - (2d 2 )- 1 (%,$ (5 -)| < <(1 + \j- fc| 2 ), 
where $ := 2c? R 7j d{2d)A- l d , so that, by Fourier transform, 

9 f BE? i costfi)cos((f- fc)tf) 

(10.23) (5 T ,*6 S ) = 2<P lrfZ ^ rf ^ ^ dm(0). 

Ei=i(! - cos??;) 

10.4. The choice of /x„. In order to have a finite limit for k® we have to assume 
that lim„((2n + l) d e n ) _1 is finite. The following holds. 

Lemma 10.11. 

1 ,• ,0 v 1 M 

urn — - r = c < oo <^ lim k„ — hm — — -r = c ; < oo. 

n -fl n V0\{X n ) n " n £„(2n + l) d ^/d 2 + 1 

Proof. By (10.4) and Lemma 9.4 (m), wc obtain e„ = - — ^{"V d, with 

2 tanh(n + l)r„ 

2coshr„ = A„ = ||^4G d ll — Mm an d ||^4G d ll = A oo = 2\/d 2 + 1- Then 



_/ - 2rf ^ + i)d + d l- tanh(n + l)r„ (2n + 1)a 



£„(2n+l) d I 2tanh(n + l)r„ tanh(n + l)r„ 



Since r n — > with coshroo = V d 2 + 1 , tanh(n + l)r„ tends to 1 exponentially 
fast, and the second summand above tends to 0. As for the first summand, 



/ y/A2 -4- 2d d \ _ / (-2/inAoo + )(2n + 1) , 

^2tanh(n+l)r n ^ J ^2(tanh(n + l) Tn ){^~ 1 + 2d) ) 

and the latter has a finite limit if and only if (—/j, n (2n + l) d ) _1 has a finite limit. 
The thesis follows since vol(X n ) = (2n + l) d . □ 

Lemma 10.12. Let us assume lim„ (— /i„ vol(X„)) _1 = c < oo. T/ien, /or any 
lim^,^,,)-^) = (r 1 ,I^Rz{X oo )0+J2(Sj,^S ]; )(r] T ,w)(w,^)+c(r],v)(v,0- 

Proof. Let us recall that, by Lemma 10.2, 
( V ,H- 1 = {r ] ,I®R Yn (\ n )t) 

+ 2d(d + e) (Qn(h,Sj:) + k+)(T, T ,R Yn (X n )PoRY n (X n )^) 

+ 2d(d + e)k° n ]T fa R Vn (*n)PoR Yn (A„)^). 

J,kE [— n,n] d 

The first summand tends to{n,I <g> i?z(Aoo)£) by Proposition 3.10. The second 
summand tends to Ej*fc(%' ^^k}(Vfi w ) ( w > as m the proof of Theorem 10.5, 
with the aid of (10.22).' 

By Lemma 10.11 and by the proof of Theorem 10.5, the last summand tends to 

4d 3 

'\Rz(Xoo)5o\\ 2 (v,v)(v,0- 



The thesis follows by Lemma 9.4 (iv). □ 
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We also have the following. 

Lemma 10.13. When G d is considered as an infinite perturbation of infinitely 
many disjoint fibres Z, equation (6.11) is valid for any A > \\A\\. 

Proof. Indeed the identity becomes 

R A (X) = I ® ife(A) + (I - (S , Rz{X)5 )A zd )- 1 A zd ® R z (X)P Rz(X), 

wherePo = |<5o)(<5o|- Such identity has been proved to hold whenever the operator(7— 
(5q, Rz(X)5o)A%d) is invertible. 

Since (S ,R Z (X)6 ) = (A 2 - 4)- 1 /2 ; we have (/ - (S , R z (X)S )A zd ) = (A 2 - 
4) _1 / 2 (\/A 2 - 4—A Z d), which is invertible whenever y/X 2 — 4 > ||A Z d|| = 2d, namely 
whenever A > 2\/d 2 + 1 = ||A||. □ 

From the last Lemma, we have 

(z,R A (x)7 1 ) = j2(vj,Mm 

3 

+ ]T(%, (I - (S Q ,R z (X)5 Q )A zd )- 1 A zd S^) ( VT , R z (X)P R z (X)^). 

3,k 

Taking the limit for A — > ||A|| + in the equation above, and using Lemma 10.12, we 
conclude 

(10.24) limfa.JT-^) = foiT^) +cfo,i>><v,0- 

n 

10.5. Conclusion. 

Theorem 10.14. Let d > 3, G d denote the comb Z d H Z, A„ = X„ H F„ 6e its 

approximation. Moreover, H n — (\\A\\ — /J, n )I— A\ n denotes the Hamiltonian on A n 
with chemical potential fj, n , H — \\A\\I — A denotes the pure hopping Hamiltonian 
on G d , and v denotes the Perron- Frobenius generalized vector for A considered in 
Lemma 9.4- Then: 

(i) the adjacency operator A for G d is transient, 

(ii) § cV(R Gd (\\A\\)^). 
Assume now 

(10.25) lim 5_^ =c<+0 o. 

n -/J, n VOl(X n ) 

Then 

(10.26) \im(r 1 ,(e^-I)- 1 O = (v,(e 0H - 1)^0 + ^(v,v)(v,0 V&jjeSo, 

(10.27) limTA n ((e^ H " — I) 1 ) = r((e^ - i")" 1 ) , 

n 

where ta„ is the normalized trace on A„. 

Proof. Statement (ii) means that, for any £ e So, lim A (£, Rc d W0 i s finite, 

and this follows from Lemmas 10.12, and 10.13. Clearly (ii) ^> (i) when £ = Sj. 

Equation (10.26) summarizes the results proved above in this section. 

We now prove equation (10.27). First we use Proposition 3.5 to show that, as in 

Lemma 10.1, we only have to compute lim„ ta„ (H^ 1 ). Using formula (10.3), we 

have 

TA n (H^) = T { _ nM (R Yn (X n )) + 

T [— n,n] d y*n ) T [— n,n] (RyMPoRyM) 
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where Tr_„ j7 jp denotes the normalized trace on [— n, n] J . Again by Proposition 
3.5 wc get T[_„ „] (A„)) — » Tz(i?z(||j4||)) and T[_„ >n ] (R Yn {X n )P R Yn (X n )) - 
rz(i?z(||A||)P i? z (||A||)) = 0, since i? z (||A||)P fi z (||A||) is finite rank. The result 
follows if we show that T[_„ „]d($„) is bounded. Let us recall that, by (10.21), 
= 2d(rf + £n )(fcO + k+ + Q n (S T , %)). By formula (10.22), 

(k+ + Q n )\<a>' + (2d 2 )- 1 T [ _ nin]d (<S>), 

while k° n is bounded by (10.25). □ 

Remark 10.15. 

(i) According to the Theorem above, in order to get a finite contribution for the 
condensate in the two-point function, condition \/j, n \ > const n~ d should be sat- 
isfied, for a suitable positive constant (cf. Lemma 10.11). In this case, again by 
the previous theorem, the condensate does not contribute to the density. This is 
because the condensate is spatially distributed according to the Perron-Frobenius 
vector, namely around the base graph, therefore the condensate in A„ grows as n d , 
while the volume grows as n d+1 . 

(ii) Conversely, if we try to construct the thermodynamical state as a limit with 
fixed density, in particular choosing the inverse temperature (5 > 0, a parameter 
k > 0, and fj, n in such a way that 

(10.28) Ph n {P,H n )=Pc{P)+k, 

we do not get a finite two-point function on local vectors. 

Indeed, according to the proof of equation (10.27), the only term there which 
depends on the sequence n n is T[_„ ;n ]d($„P Un ), or, equivalently, T\ n (H~ 1 P Vn ). We 
have 

r An (H^P Vn ) = (\\A\\ -u n - ||A A „||)- 1 (2n + l)- d -\ 
which, together with equation (10.28), gives lim„ |^„| _1 (2n+ l) _d_1 = fc. But with 
this choice (77, H~ 1 P Vn £) behaves like \fi n \~ 1 (2n+l)~ d (r],v n )(v n ,^), which diverges 
as soon as (r],v n )(v n ,^) 7^ 0. 

(Hi) A non locally normal infinite-volume KMS state can be always constructed on 
the space D := {J e>0 P e £ 2 (Gd), P e being the spectral projection of the Hamiltonian 
H = \\A\\ — A corresponding the the spectral subspace [e, +00). The two-point 
funcion is given for X, Y e D , 



This can be obtained as infinite volume limit of any sequence of finite volume 
Gibbs states based on any sequence of chemical potentials u n — > 0. As the elements 
of T) arc formally orthogonal to the Perron Frobenius eigenvector, no amount of 
condensate can be appreciated in such non locally normal state. 

We end the present section by showing that the locally normal states described 
in the previous theorem are KMS for the dynamics generated on CCR(S ) by the 
one-parameter group of Bogoliubov transformations e ltH . 

Theorem 10.16. If d> 3 then the states uj^ c \ with two-point function 
w (c) (a + (O«07)) = (V, (e 0H Z)"^) + |<»?,«><«,0, 

on the OCR algebra CCR(Sq) associated to §0 are /3-KMS w.r.t. the time evolution 
a t induced on% by T t :— e ltH . 
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Proof. By Proposition 9.5, Tt§o = So, thus it induces a one-parameter group of 
automorphisms of 21, by putting 

a t (W(0) :=W(T t t). 

By taking into account the form of the two-point function for the u>^ (cf. [3], 
pag. 79), they are automatically KMS, provided that the functions 

t em^uj {c \w{Oa t (w(v))), Lv^So 

are continuous. Notice that (cf. [3], pag. 42) 

(10.29, J« W - exp l.m exp / - ^S^HM I 



I" /""I 2 /' 

and, by using the commutation rule, 

(10.30) w (c) (W(Oot(W(»7))) = e - <Im «' Tt, V c >(W(S + T t jy)) . 

Thus, by taking into account (10.29), (10.30), it is enough to show that 
t£t^ lo (c) (a+(£ + T tV )a(i + T tV )) 
is continuous whenever £,77 e So- Indeed, 
^ c )(a+(£ + Ttr ? )a(e + r t r 7 )) = 

= (£ + 77, v) (v, £ + ??) + (£ + T t r?, (e^ - l)" 1 ^ + T tV )) 

=\(v,Z + V)\ 2 + & - 1)-^) + (T t (e^ - l)" 1 ^, (e? H l)" 1/2 0+ 
+((e^ - l)-V^T t ( e ^ - l)-^) + ( V , (e? H l^r,) 

The proof follows as £ g S implies that £ g D{{e f)H — l) -1 / 2 ), as shown in Theorem 
10.14 (ii). □ 
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